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Abstract: We study the theory of combinatorial games and find winning strategies for players. The
algorithmic implementation of the winning strategies for the game TacTix is presented and the
software implementation for this game in Python programming language is implemented. The
program has a console interface and allows one to check the winning strategies in practice.
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1. Introduction

Combinatorial game theory is a mathematical theory that studies two-person games
where at each moment in time there is a position that the players change accordingly to
achieve victory. This theory does not study games involving chance.

Combinatorial games are games played by two players without random moves and
with complete information, i.e. all moves are known to both players. Players take turns
making moves, thus changing positions from one to another, until the final position is
reached, in which there are no possible moves. When the final position is reached, one of
the players is declared the winner, and the other - is the loser.

Combinatorial games as a subject of research began to attract the attention of
mathematicians in the early twentieth century. The beginning of the study was the article
by Charles Bouton [1].

Game theory is applied in various fields of human activity: politics, biology,
cybernetics, economics, military affairs, etc. Each player has strategies that he can apply.
The interaction of two players creates a situation where each player gets a certain result:
win or lose. When choosing a strategy, it is necessary to take into account not only the
maximum gain for yourself, but also the possible steps of the opponent and their impact
on the situation as a whole [2, 3].

Combinatorial games have important features that distinguish them from other
games (i.e. gambling, cooperative, antagonistic, and others). Namely [3]:

e  There are two players who take turns;

. There are no random factors - like shuffling cards or using dice;

e  There is complete information - both players know all possible moves;

e The game must end with one of the players winning, there can be no draw.

e  The last move determines the winner;

e  There are two types of the game: "normal game": the player who made the
last move wins; "miser game": the player who made the last move loses.
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2. Model of combinatorial game TacTix

TacTix is a combinatorial game, which is a derivative of the more general Nim game,
invented by P. Hayne [4]. It refers to logical or mathematical puzzles. TacTix is a geometric
variant of the more general game Nim [3, 5]. The game is played on a board of size N x N,
filled with some chips (coins, stones). In one move, a player can pick up several chips from
a row or column. The number of chips taken in one move cannot be more than the number
of chips in the row or column. Also, the selected chips must be located next to each other,
in the same row or column.

There are winning strategies for players (for "normal" game) [5]:

e  For the first player: if N is odd, take the centerpiece and copy every move of
the opponent symmetrically. Eventually the player takes the last piece and
wins.

e  For the second player: if N is even, then you need to copy the opponent's
moves symmetrically. Eventually, the player will take the last chip and win.

TacTix refers to unbiased games. An unbiased game is an equal combinatorial game
with the following properties: the action or move that is available to a player depends
only on the state of the game, but does not depend on who makes the move; if a player is
unable to make a move, he loses; the game must always end [5]. The termination condition
can be changed to obtain the so-called miner's game - the player who made the last move
loses. The impartiality condition makes it unimportant who makes the move; each
position has a certain outcome taking into account who made the move.

The TacTix game has the property of being finite [5]. A finite game is a game that
starts from any position, and the final result is always reached after a certain number of
moves, which depends only on the initial position. Thus the game ends when there are no
pieces left on the board. Therefore, the number of moves played is equal, at most, to the
number of chips on the board.

3. Winning strategies for Nim-like games

TacTix is one of the Nim-like games. The differences are that the game is played on
a board of size N x N, in one move a player can take several adjacent chips from a row or
column, but not more than the number of chips in a row or column.

The analyzed studies [3, 4, 6] highlight general approaches to Nim-like games. These
approaches are based on the rules of the Nim game: there are several rows or piles of chips
(in the classic version - 3 piles); any number of items (more than zero) from one pile can
be taken in one move. In the "normal” game the player who took the last item wins, in the
miser game this player loses.

Different rules for removing chips from the playing field make it possible to divide
Nim-like games into several types. We give an overview of existing results for Nim-like
games using [6].

Game I. For each move a player can remove from 1 to 3 chips from the board.

Theorem 1. For game I, the game is winning for the second player at each stage if the number
n of chips remaining on the board at this stage is a multiple of 4, and winning for the first player
in all other cases. The winning strategy for the first player is to remove n mod 4 chips (the number
of chips that is divisible by 4).

Game II. A player can take any number of chips less than or equal to the number of
chips taken by the opponent on the previous turn. The first player can remove any
number of chips, except all at once.
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The analysis of winning strategies for this type of game shows that this type of game
can be reduced to the analysis of binary decomposition of numbers. Charles Bouton in his
article [1] described the analysis of the game of Nim using binary decomposition. Each
combination of chips was called "dangerous" or "safe". If the position after the next move
of the player guarantees him a win, then this position is safe, otherwise the position is
unsafe. To determine whether a position is safe or not, the number of chips in each row
must be written in binary. If the sum in each column (digit) is zero or even, then the
position is safe. If the sum in at least one column is odd, then the position is unsafe.

In this type of Nim-like games, if a player picks up 1 chip at a certain stage, then in
the following moves players can pick up only 1 chip. Since according to the rules of the
"normal" game the one who takes the last chip wins, the player at the stage when the
number of chips remaining on the board becomes odd can win the game by taking 1 chip.

What should the first player do if the number of remaining chips is even? If he takes
only 1 chip, he loses the game. If he takes 2 chips, the next moves of the players will be a
repetition of taking 2 chips. Therefore, the first player at the stage when the number of
remaining chips is an odd number or a multiple of 2 can win the game by taking 2 chips.

If the number of remaining chips is an even number or a multiple of 2, in particular
a multiple of 4, then the moves of the players starting from this stage will be a repetition
of taking 4 chips, and therefore the player starting the game at a stage when the number
of remaining chips is an odd number or a multiple of 4 can win the game by taking 4 chips.

Theorem 2. In Game II, at the stage when there are 2P(2p + 1) chips left on the board, the
game is won by the first player if and only if the rules of the game allow to take 2P chips at this
stage.

An example of using Theorem 2: a game according to the rules of Game II, started
with 2P chips on the board, is always won by the second player, since the player who
started the game cannot remove all the chips. A Game II game started with a different
number of chips than 2P is won by the player who started the game.

Thus, the winning strategies for Game II were determined. However, it is possible to
derive these strategies using another idea that can be applied to games with more complex
rules.

Since the number of balls that can be removed from the playing field is constantly
changing during the game, we define a number w(n), which denotes the smallest number
of balls that must be removed to win at the stage when there are n chips left.

Theorem 3. The winning strategy for a player who starts Game II with n chips on the board
is to take away such a number of chips that the number of chips on the board m, which became after
the first player's move, in the binary expansion would have zero in the place of the rightmost one
in the binary expansion of the number n.

Game III. A player can remove from the playing field the number of chips that is less
than or equal to twice the number of chips taken by the opponent in the previous turn.
The first player can remove any number of chips, except all at once.

For this game, the sequence of Fibonacci numbers plays an important role in finding
winning strategies.

Theorem 4. In game 111, at the stage when the number of chips remaining on the board is n,
the game is won by the first player if and only if the rules of the game allow to take I(n) chips, where
I(n) is some number from the Fibonacci sequence corresponding to the number n (for a detailed
explanation see [6]).
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4. Winning strategies for the TacTix game

Given that the TacTix game is a variant of the Nim game, the analysis of the above
results suggests that they remain valid for TacTix as well. However, the winning strategies
for TacTix are much simpler than for Nim. Therefore, the analysis of different types of the
game (given above) was carried out, on the basis of which the winning strategies for
TacTix were formulated, and the software implementation of the obtained strategies was
performed.

The standard game of TacTix is played on a 4 x 4 playing field filled with chips. Thus,
the player can pick up from 1 to 4 adjacent chips in the same row or column.

Let's consider a variation of the rules - Game I from the previous paragraph for the
game TacTix. Let's explore how the winning strategies are determined depending on the
number of chips remaining on the playing field.

Stages in which the number of chips is n=1; 2; 3 are winning for the first player, since
the player can take all the chips remaining on the playing field in one row or column at a
time, provided that these chips are located next to each other.

The stage with n = 4 remaining chips is winning for the Second player, since any
move of the First player leads to a winning situation for the Second player.

At the stage n = 5 chips, if the first player takes 2 or 3 chips, then 3 or 2 chips are left
and thus the opponent wins.

In addition to the strategies presented in Theorems 1 — 4, the so-called "greedy" or
"symmetric” algorithms can also be used for the TacTix game. They are easier to apply, to
some extent intuitive, but it is worth remembering the need to adjust the strategy during
the game.

The greedy algorithm [7] is a simple and straightforward algorithm that makes the
best decision based on the data available at this stage. The player who applies this
algorithm does not worry about possible consequences, but hopes to get the optimal
solution. In other words, the player tries to take as many chips as possible from the field
in one move.

It is advisable to use this algorithm at the first attempt to play a new game, especially
if the opponent is an expert. Thus, you will not waste time searching for successful moves.
But it is worth noting that this algorithm does not always work. For games such as TacTix
and Nim, the use of this algorithm may not lead to an optimal solution, but on the contrary
give the worst possible solution.

Symmetric algorithm [7] is an intuitively obvious strategy. Every time the opponent
makes a move in one part of the board, the player mirrors this move in the other part of
the board.

To successfully use the symmetric algorithm of the game, it is not necessary to leave
the opponent a move that will eliminate the possibility of repeating the move (for
example, in the center of the board).

5. Software implementation of the game TacTix

Using the above algorithms/strategies, we have created a software implementation
of the game TacTix. This implementation is written in Python programming language and
has a console interface. The game is played according to the rules of Game I and is played
against the computer. All rules are described at the beginning of the game. Also, for
convenience, there are hints about possible moves and their number, warnings about the
absence of a move, or an erroneous move.

The size of the playing field is 4 x 4. One randomly determines who makes the first
move (the player or the computer), next moves will take place in turn.

At the beginning of the game, the player is asked to choose his game symbol ("X" or
"O"). After selecting the game symbols, the screen displays an empty field and prompts
the player to make a move (if the player moves first) or displays the field with the
computer's first move and prompts the player to make his move (otherwise). According



Halyna P. Cherniichuk and Ivan H. Krykun 50f9

to the selected symbol "X" or "O", the player and the computer take turns filling the whole
board.

"TacTix" Game

1 - The player plays with the computer

2 - Bt one time you can fill from 1 to 3 cells
3 - The one who fills the last cell wins

4 - HAVE & GOOD GRME!

What letter do you choose X or 07
X
computer will move first

) What is your next move?
Figure 1. Screenshot of the start of the game with the first computer move
Computer’s moves are made according to the described winning strategy (if there is

a winning situation for the computer) or to prevent the possibility of implementing the
winning strategy for the player (otherwise).

X | X | ®| X
| | |
| | |

c | o | | O
| | |
| | |

x | | O] ©
| | |
| | |

c |1 o | o] X
| | |

You win

Figure 2. Screenshot of the end of the game

We have developed an algorithm for the game, which is shown in the flowchart
below.
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Cosn >

Ask the player ) )
what letter he/she Detaoensmflji 5‘: ho
will play g

';’i'-‘].a}'er moves Computer moves K

[ Show playing field ]/
- Computer's move J
[ Plaver's move ]
Checking the computer 's
WINNings
Checking the plaver's
winnings iy

Ask the player if he wants End of game
to play again -

Figure 3. The flowchart for the implementation of the game TacTix

The program code for this implementation of the game TacTix (according to Game I
rules) is given in Appendix A.

6. Conclusions and prospects for further research

The developed model of the game TacTix (according to the rules of the Game I) shows
in practice the application of the algorithm. During the game, you can clearly see the
effectiveness of the strategy, as well as identify situations when the player wins for sure
or when one wrong move leads to a computer win.

This model of the game will be further improved, namely the ability to choose the
size and shape of the board to make the game more interesting and more complex. Also
in the future, it will developed algorithms for the game TacTix according to the rules
described as Game II and Game IIL

The proposed model of the combinatorial game will be enhanced using recent studies
of random processes [8-16] for study games involving chance. About the application of
combinatorial games, there is a lot of information in [2, 3, 7, 15, 17, 18].
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Appendix A. Program code for the game

# "TacTix" Game
import random
print ("""

1 - The player plays with the computer

2 - At one time you can fill from 1 to 3 cells
3 - The one who fills the last cell wins

4 - HAVE A GOOD GAME!

nnny

def drawBoard (board) :
print (' | I |
print ' + board[13]
print |
print
print
print
print
print

)

+ ' | ' + board[14] + ' | ' + board[15] + '| ' + board[16]

( )
(
(
(
(
(

print (
(
(
(
(
(

'
L + board[9] + ! | ' 4+ board[10] + ! ' + board[11] + '| ' + board[12]

print
print
print
print ('
print (' ! + board[1] + ! | ' 4+ board[2] + ! ' + board[3] + '"| ' 4+ board[4]
print (' | | ")
def inputPlayerLetter():
# The player chooses which label (letter) will fill the cells
letter = "'
while not(letter == 'X' or letter == '0O'):
print ('What letter do you choose X or 07?')
letter = input () .upper (
# The first element corresponds to the player and the second element corresponds to the
computer
if letter == 'X':
return ['X','0']
else:
return ['0O', 'X"']
def whoGoesFirst () :
if random.randint(0,1) == 0:
return 'computer'
else:
return 'player'
def playAgain():
# Function for replay (when the player wants to play again)
print (' Would you like to play again? (yes or no)')

'
' ' + board[5] + ' | ' + board[6] + ! ' + board[7] + '| ' + board[8]
'

return input () .lower () .startswith('y")
def makeMove (board, letter, move):
board[move] = letter

def isWinner (board, letter, getComputerMove) :
# The loser is the one who fills in the last box
if isBoardFull (board) :
return True
return False
def getBoardCopy (board) :
dupeBoard = []
for i in board:
dupeBoard.append (1)
return dupeBoard
def isSpaceFree (board, move):
return board[move] == ' '
def getPlayerMove (board, move index, previous_moves) :
def isValidMove (move) :
moves = previous moves + [move]

return all( (m-1) // == (moves[0]-1) // 3 for m in moves ) or all( m % 3 == moves|[0]
% 3 for m in moves)
move = ' '
possible moves ='1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16' .split()
while move not in possible moves or not isSpaceFree (board, int (move)) or not

isValidMove (int (move)) :
if move index ==
print (' What is your next move?')
else:
if move in possible moves and not isValidMove (int (move)) :
print ('You can select only those cells that are in the same row or column as
already selected cells ')
text_cells = 'cells'
if 3 - move index ==
text_cells = ' cell '
print ('You can choose more ' + str(3 - move index) + ' ' + text cells + '. Press
enter to no longer choose ')
if len(move) == 0:
return None
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move = input ()
return int (move)
def chooseRandomMoveFromList (board, moveList):
possibleMoves []
for i in movelist:
if isSpacefree (board, 1i):
possibleMoves.append (i)
if len(possibleMoves) !=0:
return random.choice (possibleMoves)
else:
return None
def getComputerMove (board, computerLetter):

if computerLetter == 'X':
playerLetter = 'O’
else:
playerLetter = 'X'

for 1 in range(1,17):
copy = getBoardCopy (board)
if isSpaceFree (copy, 1i):
makeMove (copy, computerLetter, i)
return i
raise Exception ("Board is full")
def isBoardFull (board) :
for i in range(1l, 17):
if isSpaceFree (board, 1i):
return False
return True
while True:
theBoard = [' "]*17
playerLetter, computerLetter = inputPlayerLetter ()
turn = whoGoesFirst ()
print (' '+ turn + ' will move first ')
gameIsPlaying = True
while gameIsPlaying:
if turn == 'player':
drawBoard (theBoard)
prev_moves = []
for i in range(3):
move = getPlayerMove (theBoard, i, prev_moves)
if move is None:
turn = 'computer'
break
makeMove (theBoard, playerLetter, move)
prev_moves.append (move)
if isBoardFull (theBoard) :
drawBoard (theBoard)
print ('You win')
gameIsPlaying = False
else:
turn = 'computer'
else:
move = getComputerMove (theBoard, computerLetter)
makeMove (theBoard, computerLetter, move)
column_or row = random.choice(['column', 'row']
amount = random.randint (0, 3)
for i in range (amount) :
if column or row == 'row
new_move = move + i+l

1 ",

if (new_move-1) // 3 != (move-1) // 3:
break
else:
new move = move + 3% (i+1)
print ('nm: ' + str(new_move) + ' ' + str(move))
if new move < 0 or new move > 16:
break

if isSpaceFree (theBoard, new_move) :
makeMove (theBoard, computerLetter, new move)
else:
break
if isBoardFull (theBoard) :
drawBoard (theBoard)
print ('You have lost')
gameIsPlaying = False

else:
turn = 'player'
if not playAgain():
break
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