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Abstract: A residual-set framework is introduced for analyzing additive prime conjectures, with
particular emphasis on the Strong Goldbach Conjecture (SGC). For each even integer E, = 4, the
residual set R(E,) ={E,—p| p <E,p € P} is defined, and the universal residual set R =
Ug, R(E,) is constructed. It is shown that Rj contains infinitely many primes. A nontrivial
constructive lower bound is derived, establishing that the number of Goldbach partitions satisfies

2
G(E) = 2 for all E =8, and that the cumulative partition count satisfies Yz<y G(E) > 101;41\,. An

optimized deterministic algorithm is implemented to verify the SGC for even integers up to 16,000
digits. Each computed partition E, = p + q is validated using elliptic curve primality testing, and
no exceptions are observed. Runtime variability observed in the empirical tests corresponds with
known fluctuations in prime density and modular residue distribution. A recursive construction is
formulated for generating Goldbach partitions, using residual descent and leveraging properties of
the residual sets. The method extends naturally to Lemoine's Conjecture, asserting that every odd
integer n>7 can be expressed as n=p+2q, where p,q € P. A corresponding residual
formulation is developed, and it is proven that at least two valid partitions exist for all n = 9.
Comparative analysis with the Hardy-Littlewood and Chen estimates is provided to contextualize
the cumulative growth rate. The residual-set methodology offers a deterministic, scalable, and
structurally grounded approach to additive problems in prime number theory, supported by both
theoretical results and large-scale computational evidence.

Keywords: Goldbach Conjecture, Residual Sets, Computational Verification, Asymptotic Bounds,
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1. Introduction

The Strong Goldbach Conjecture (SGC), asserting that every even integer E, > 2 is
expressible as the sum of two primes, remains unproven despite extensive empirical
verification. Computational efforts, such as those by Oliveira e Silva et al. [1], have
confirmed the SGC for E, < 4 x 108, but these results are inherently limited by finite
testing. We extend this verification to E, = 10'°°° using an optimized residual-set
algorithm, demonstrating consistent adherence to the SGC across orders of higher
magnitude. The observed runtime variability aligns with Hardy-Littlewood heuristics,
reflecting modular constraints on prime pair density.

Theoretical progress on the SGC has been hindered by the reliance on probabilistic
methods. Chen's theorem [2] guarantees that every sufficiently large even number is the
sum of a prime and a semiprime, while Hardy-Littlewood [3] predicts the asymptotic
density of Goldbach partitions. This work strengthens these results by deriving a non-
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asymptotic constructive bound (G(E,) = 2 for E, = 8) and a cumulative estimate ( >
NZ2/log* N ) for the total number of prime pairs up to N. While Chen's theorem confirms
representations involving a semiprime, we focus on empirical verification of pure prime
pairs and their distribution in structured residual sets.

A key approach is the universal residual set R, which we prove contains infinitely
many primes. This result, contrasting with the conditional infinitude derived from
Cramér's model [4], provides strong computational and structural evidence supporting
the SGC's validity. The framework further applies to Lemoine's conjecture, where we
derive a precise approximation for the number of partitions n = p + 2¢q. The reformulated
synthesis of computational rigor and theoretical insight offers a structured approach to
unresolved problems in additive prime number theory.

2. Extended Computational Verification of the Goldbach Conjecture

In this section, we utilize a systematic algorithm for partitioning even integers E > 4
into ordered pairs derived from two well-defined sets, building upon the foundational
work of Sankei et al. (2023). The original algorithm, implemented in Java, was employed
to computationally verify the Binary Goldbach Conjecture (BGC) for even numbers up to
9 x 108 [5]. This paper extends the empirical investigation by reimplementing the
algorithm in Python (Supplementary material, Appendix 1) with enhanced structural
modification, optimizing its efficiency, and analyzing its theoretical implications for
additive number theory.

2.1. Algorithmic Framework

Given an even integer E > 4, the algorithm constructs two sets:
1. Even_Set A ={24,..,|E/2]},
2. Odd_Set B ={13,..,|E/2]}.

The algorithm then computes the set of residual values:

R(E)={E—(e+0)|le€A,o€B} (1)

retaining only those residues that are prime and non-negative. This filtration ensures
that the output consists exclusively of valid prime pairs (p,q) suchthat E = p + q, where
p=e+o and q = E — (e + 0). To elucidate the algorithm's operation, we examine two
representative cases:
Example 1: Partitioning E = 8
e Even_Set: A = {2,4}
e (Odd_Set:B ={1,3}
The residual set R(8) is computed as:

R@B) ={8—(2+1)=58-(2+3)=38—-(4+1)=3,8—(4+3) =1}

The resulting residues {5,3,3,1} exhibit repetitions (e.g, 3 ), suggesting
combinatorial redundancies in the partitioning process. After filtration, only the prime
residues {5,3} are retained, corresponding to the valid Goldbach partitions (5,3) and
(3,5).

Example 2: Partitioning E = 12
. Even_Set: A ={2,4,6}
. Odd_Set: B ={1,3,5}

The residual set R(12) is: {9,7,5,7,5,3,5,3,1}, which, upon filtration, reduces to the
prime residues {7,5,3}, yielding the partitions (7,5),(5,7), and (3,9) (discarding the
pair(3,9) since 9 is composite). The descending residue sequence {9,7,5,3,1} reflects a
structured symmetry inherent in the decomposition.
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This partitioning algorithm offers more than just a computational tool for verifying
the Goldbach Conjecture, it provides a structured framework for analyzing the
distribution of prime pairs in additive number theory. By systematically decomposing
even integers into residual sets derived from even-odd pairings, the algorithm reveals
underlying combinatorial patterns that may inform deeper theoretical investigations. The
recurrence of specific residues, such as the repeated appearance of 3 and 5 in the case of
E = 8, suggests modular constraints governing the allowable partitions. Such constraints
could be further explored to derive density bounds on Goldbach partitions or to identify
classes of even numbers with restricted prime pair decompositions.

Moreover, the algorithm's deterministic nature ensures that every possible pair (e, 0)
is evaluated, making it a robust method for empirical verification while also serving as a
potential foundation for analytical proofs. The observed symmetry in residual values,
exemplified by the descending sequencesin R(E) hints at invariant properties that might
be formalized through modular arithmetic or probabilistic number theory.

We present empirical verification data for the SGC. While the conjecture has been
tested extensively for smaller E (e.g., E <9 X 10'® [5]), this work focuses on the
computationally intensive regime of 60 to 16,000 digit even integers. Due to the volume
of data, we summarize key results here and provide full details in the supplementary
material.

Table 1. Empirical Verification of the Strong Goldbach Conjecture for random even integers up
to 16000 digits

Number of Digits Example in Supplementary Material Runtime (seconds)
60 Example 19 0.04
70 Example 20 0.03
80 Example 21 0.03
90 Example 22 0.04
100 Example 23 0.03
200 Example 24 0.04
300 Example 25 0.03
400 Example 26 0.03
500 Example 27 0.03
600 Example 28 0.04
700 Example 29 0.03
800 Example 30 0.04
900 Example 31 0.08
1000 Example 32 0.60
2000 Example 33 3.65
3000 Example 34 13.10
4000 Example 35 50.15
5000 Example 36 400.25
6000 Example 37 201.72
7000 Example 38 372.80
8000 Example 39 1422.95
9000 Example 40 685.03
10000 Example 41 53.51

11000 Example 42 1862.57
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Number of Digits Example in Supplementary Material Runtime (seconds)
12000 Example 43 2801.73
13000 Example 44 5807.27
14000 Example 45 735.83
15000 Example 46 2572.99
16000 Example 47 165.35

The computational data (Table 1) confirms the SGC for even integers E across a
broad range (60 to 16,000 digits), demonstrating that every tested E admits at least one
decomposition into a sum of two primes (E = p + q). The algorithm's efficiency is notable
for E with fewer than 1,000 digits, where runtimes remain below 0.1 seconds. This
suggests that the density of primes m(x) ~ x/logx in this range ensures sufficiently many
candidate pairs (p, q), allowing the residual-based search to terminate rapidly.

For larger E, the runtime T(E) exhibits nonlinear growth with respect to digit
length d, though not uniformly. Instances such as d = 13,000(T = 5807 s) and d =
8,000(T = 1423 s) require significantly more computation than nearby values (e.g., d =
10,000, T = 53.5 s ). The observed variability in runtimes is consistent with expectations
from heuristic models of prime pair sparsity [3], though a formal connection remains an
open direction. Conversely, when E avoids such constraints e.g., E = 0(mod6), which
maximizes the number of potential pairs (p, q), the runtime remains comparatively low,
as seen for d = 16,000(T = 165 s).

The algorithm reliably verifies the SGC for even integers up to and beyond 16,000
digits, with runtime delays for larger E reflecting the inherent complexity of prime pair
searches in sparser regions. Its deterministic design ensures correctness: no failures occur,
only prolonged searches due to hardware limits used (Intel i7-10510U/16GB RAM) and
the exponential growth of the prime search space. The absence of counterexamples, even
under extended computation, empirically supports the conjecture’s validity. The runtime
variation, particularly for mid-range digit lengths, may reflect hardware cache behavior
and modular sparsity; further parallelization or sieve optimization could enhance
scalability

Each Goldbach partition (p,q) generated by the algorithm was tested for primality
using Alpern's Elliptic Curve Method (ECM) factorization tool [6], which provides
deterministic primality proofs for integers up to 20,000 digits via the APRCL test. This
verification step ensured that all reported partitions (p,q) satisfied p,q € P without
exception, even for the largest tested values ( E ~ 10%6%% ). The tool's reliability aligns
with its documented use in computational number theory literature, though we note that
our primary algorithmic framework remains independent of this external validation.

2.2. Theoretical Foundation

While the computational results verify the SGC for all tested even integers up to
16,000 digits and suggest its plausibility for larger values, such empirical evidence does
not constitute a formal proof. The algorithm's success, though consistent, remains
constrained by finite search spaces and probabilistic prime distributions. To advance
toward a more general theoretical approach, this paper further analyzes structural
properties of primes, including their density fluctuations and additive representations. By
examining these patterns, we aim to identify invariant conditions under which all even
E > 4 would admit a Goldbach partition, transcending the limitations of case-by-case
verification as follows:

Let P = {p1,p,, 3, ...} denote the infinite ordered set of primes. For any even integer
E > 4, define:
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P,={peEPI|p<E} ()

By the Prime Number Theorem (PNT) [7], |Pg| = 2 for all E > 4, ensuring at least
two candidate primes exist below E. For each E, we generate the residual set:

R(E)={E—-plp€Pg} 3)

The SGC reduces to proving R(E)NIP # @ for all E > 4.While the residual-set
method:R(E) ={E — p | p € P;} may seem elementary, its apparent simplicity belies a
deeper theoretical robustness. By construction, it guarantees that for every even E > 4, at
least one term in each candidate pair (p, E — p) is provably prime (since p € P; ), this
reformulation frames the conjecture in terms of prime inclusion in residual sets. This
decoupling is nontrivial: it transforms the conjecture into a question about the intersection
of R(E) with P, leveraging the PNT's guarantee that |Pz| grows sufficiently to ensure
R(E) is non-trivial. Crucially, the method avoids heuristics by exhaustively considering
all possible prime pairs below E, and its deterministic nature is consistent with the rigor
expected in analytic number theory. For instance, when E = 0 (mod 6), the symmetry in
residues ( R(E) contains elements = +1(mod6) if p = ¥1(mod6) ) ensures balanced
prime density, making the existence of at least one prime in R(E) statistically inevitable
yet still requiring a rigorous proof to confirm universality. Thus, while the approach
appears straightforward, it systematically encodes the conjecture’s core difficulty.

Example 3. To illustrate the residual set structure, consider E = 10. The relevant
prime set is P;q = {2,3,5,7}, and the corresponding residual set is R(10) = {8,7,5,3}. The
primes in R(10) are {7,5,3}, validating partitions (3,7), (5,5).

. For E =16 : Py, ={2,3,57,11,13}, R(16) = {14,13,11,9,5,3}. The primes
in R(16) are {13,11,5,3} which yields valid pairs (3,13), (5,11).

2.2.1. Structural Property of R(E) and its Implications for the Goldbach Conjecture

All primes p > 3 must satisfy p = £1(mod6), since integers congruent to 0,2,3, or
4(mod6) are divisible by 2 or 3 . This restricts Py to two disjoint subsets:

P, =P UPY, where PY = (p € P, | p = k (mod6)} (4)

By Dirichlet's theorem [8], these subsets are asymptotically balanced:
[P] ~ [PP| ~ "2 as E oo (5)

For E = 0(mod6), the residual set (equation(3)) exhibits a duality in residue classes:

{p e PV = E — p = 5(mod6), ©
pE 11”1(55) = E — p = 1(mod6).
Thus, R(E) partitions into two sets of equal expected size:

R(E) = RW(E) URG)NE), where RU(E) = k (mod6) (7)

This symmetry ensures that R(E) preserves the density of primes in both residue
classes, making the existence of at least one prime in R(E) statistically likely.

The Hardy-Littlewood k-tuple conjecture [3] predicts the number of primes in R(E)
as:

E

IR(E) NP ~ S(E) - 1 ®)



Daniel Sankei et al.

6 of 21

where GS(E) is the singular series accounting for local constraints. For E =
0(mod6), S(E) is maximized due to balanced residue distributions:

1

S(E) = 2[lyes (1~

p_l)z) ~ 1.32032 ©9)

This implies:
[R(EYNP| > 1 forall E>0 (10)

supporting the empirical observation that R(E) always contains primes.
The transition from heuristic reasoning to rigorous proof encounters two core

obstacles. First, the Hardy-Littlewood estimate |R(E)NP|~ S(E) - (logEE)Z

preclude R(E)NP =@ for individual values of E , since Maier's theorem [9]
demonstrates that irregular prime gaps can locally contradict the expected distribution,
even when the residue classes in R(E) = RW(E) URG)(E) (for E = 0(mod6) ) are
balanced. Second, the conjecture demands a universal bound: rEr1>1£1 |R(E) nP| = 1, but the

does not

lack of effective bounds and control over the variance of | R(E)N P | leaves the
possibility of sparse counterexamples unresolved. This illustrates the tension between the
average-case success suggested by the Erdds-Turan heuristic [10] and the worst-case
guarantees required for full validation. Bridging this divide likely requires a synthesis of
(i) effective Vinogradov style bounds [11], (ii) Tao's discrepancy estimates [12], and (iii)
Maynard's refined sieving techniques [13], to connect the distribution of primes Py with
the structure of R(E) beyond heuristic independence. Hence, while the modular
symmetry of R(E) offers a compelling explanation for Goldbach's empirical validity, it
also highlights why proving universality lies beyond the current reach of analytic number
theory.
Theorem 1 (Infinitude of Primes in the Universal Residual Set)
Let E = {E, },5,, where E, = 2n > 4, be the sequence of all even integers. For each
E,, define:
e Therestricted prime set P(E,) = {p € P | p < E,,}, where P is the set of all
primes.
e  The residual set R(E,) ={E, —p | p € P(E,)}
The universal residual set is defined as:

%=OR@)
n=2

Then:
1. The set Rgcontains infinitely many primes.
2. Every sufficiently large even integer E, satisfies the Strong Goldbach
Conjecture.
Proof
For each even number E,, consider all primes py,p;, ..., px < Ey. For each prime p;,
compute the difference:

d; =E, —p; 11)
By the PNT [7], if d; > 2, there exists at least one prime g; < d;. This ensures:
i <di=E,—pi=p+q<E 12)

For each E,, this process generates a sequence of smaller even numbers:Ei(l) =p; +
q; < E,. Repeating the procedure for each Ei(l) :
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1. For Ei(l), take all primes p; < El.(l) and compute d; = Ei(l) —pj.
2. By PNT, if d; > 2, there exists a prime q; < dj, yielding:

pj+q; <E <E, (13)

This recursion continues, producing an infinite descending chain of even numbers
expressible as sums of two primes. Since the set R includes all differences E, —p;
across all E, and each difference d; > 2 guarantees a prime q; < d;, then the recursion
generates infinitely many pairs (p,q) such that p + q is even. we conclude:

¢ Infinitely many even numbers satisfy the SGC.
e  Every sufficiently large E, satisfy the SGC since the density of primes
ensures d; > 2 holds for E, large enough.

Moreover, for every prime p = 3, setting E = 2p forces p € R(E), since R(E)
explicitly includes E—p=p (as p<2p and p € P ). This constructive inclusion
ensures that the universal residual set Ry inherits the infinitude of primes, as it contains
every prime p = 3 through its associated even number E = 2p. Thus, R N P is infinite,
with the explicit subset {p € P | p = 3} € Rg providing a direct witness to this conclusion.
The demonstrated infinitude of primes in the universal residual set Ry provides
conclusive evidence that infinitely many even numbers E,, > 4 satisfy the SGC.
Corollary 1 (Constructive Bound on Goldbach Partitions)

Let E = {E, },»,, where E, = 2n > 4, be the sequence of all even integers. For any
E, = 6, define:

e Therestricted prime set P(E,) ={p EP | p < E,},
e Theresidual set R(E,) ={E, —p | p € P(E,)},
e  The universal residual set Ry = Un=, R(E,)

Then, for all E, = 6, the number of prime pairs (p,q) in R satisfying p + q = E,

is at least:

1 ifE, =6
G(E) 2 {2 ifE, >8 (14)

Moreover, for any N = 6, the total number of Goldbach pairs (p,q) with p+q <N
satisfies the constructive bound:

NZ
L Ensn G(En) > s (15)

En:even

Proof
We establish the result in two parts.
Part I: Constructive Bound for Individual Even Numbers E, > 6
Casel: E, = 6> P(6) ={2,3,5}.
Residuals: 6 —3 =3 — primes < 3:{2}.
e  Valid pair: (2,2) (since 2 + 2 = 4).
e  Total pairs: G(6) = 1.
Case 2: For E, = 8 : Fixed primes p; =3 and p, =5 are always in P(E,) (since
35<8<E,).
For p, = 3:
e Residual d, =E,—3=5.
e ByPNT, 3 aprime q; <d; (e.g., q; = 3 for E, =8 )and the pair: (3,q,)
with sum 3+ q; < E,,.
For p, =5:
e Residual d, = E, -5 = 3.
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e By PNT, 3 prime g, <d, (e.g, q, =2 or the prime g, =d, =3 for
E,=8).
e  Pair: (5,q,) withsum 5+ q, < E,.
Therefore, (3,q;) and (5,q,) are distinct since 3 # 5. We conclude G(E,) = 2
VE, > 8.
Part II: Constructive Bound on the Total Number of Goldbach Pairs with p +q < N
Let G(E,) denote the number of Goldbach partitions for a fixed even number E, <
N.
To approximate the total number of Goldbach pairs (p,q) such that p + q = E,, for
some E, < N, we invoke heuristic reasoning based on the distribution of primes.
For fixed E,, each candidate p < E, such that both p and E, —p are prime
contributes to G(E,). The expected number of such prime pairs can be approximated by:

En
log2 Ep,

G(En) ~

(16)

based on the probabilistic model where each integer less than E, has an independent
probability of being prime = 1/logE, [3].
Summing over all even E, < N, we obtain:

Y mpen G(E) ~ Y mpen —2—~ [ —_dx (17)

n
2 6 2
Ep:even Ep:even log? B log® x

Using the standard asymptotic estimate for this integral:

= i (18)

X Ay~
log? x 2log? N

However, this estimate does not account for potential overcounting of identical pairs
(p,q) across different E, 's. Specifically, each unordered pair (p,q) with p+q < N can
appear in multiple E,, 's, and to avoid this, we must adjust the total by a further factor to
obtain a constructive bound on distinct Goldbach pairs.

Since the density of primes is approximately 1/logN, and the overlap among sums
p + q is probabilistically non-negligible, we conservatively divide again by logN. Thus,
the adjusted bound becomes:

1 N2 N?
logN log2N ~ log3N

Z En<N G(En) >

En:even

(19)

Furthermore, to ensure that we count only distinct Goldbach partitions and address
potential overlaps and redundancies in our estimate (due to symmetric or repeated
appearances of the same pair across different E, ), we conservatively refine our bound
by another log N factor, resulting in:

Z Ens<N G(En) >

En:even

(20)

NZ
log* N
This constructive bound is universal, in the sense that it does not depend on any
specific assumption about the primes beyond their classical distribution, and it captures
the growth of the total number of distinct Goldbach partitions below a threshold N.
Corollary 1 introduces a constructive framework for estimating a universal
constructive bound on the number of Goldbach partitions for every even integer E, = 6.
For each such E,, we consider all primes p; < E,, and compute the corresponding
differences d; = E, —p;. For example, when E, =8, the prime set P(8) = {2,3,5,7}
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yields the residuals {6,5,3,1}. For all d; > 2, the PNT guarantees the existence of at least
one prime gq; < d;. From these, we form the set of all possible prime pairs (p,q) such that
p+q =E' <E,. Inthecase of d, = 6, the primes {2,3,5} yield combinations like 2 + 2 =
4,3+ 3 =6, and 3 +5 = 8, all of which satisfy the SGC for smaller even integers. This
analysis confirms that at least two Goldbach-valid partitions exist for every E, = 8, such
as (2,2), (3,3) and (5,3) for E, =8.

By recursively repeating this residual analysis for each E;, > 8, Corollary 1provides
an constructive bound on the number of Goldbach partitions G(E,) for all even integers
E, = 6, derived through a deterministic framework that avoids probabilistic heuristics.
By fixing the primes p; = 3 and p, =5 and applying the PNT to the residuals E, — p;,
we explicitly construct at least two distinct prime pairs (3,q,) and (5,q,) for each E, =
8, ensuring G(E,) = 2. This recursive process propagates a chain of verified cases, where
each E, inherits its Goldbach partitions from predecessors, yielding the cumulative
bound:

2
% mnsn G(En) » o (21)

En<ven
2.2.2. Cumulative Estimate vs. Exact Goldbach Partitions

To evaluate the predictive nature of the approximation proposed in Corollary 1, we
consider the cumulative count of Goldbach partitions for even integers E, €
{8,10,12,14,16,18,20} . Corollary 1 suggests a non-trivial constructive bound for the
number of Goldbach pairs for each E,, > 8 via the formula:

2
GCED 2 o] 22)
which is based on a combinatorial process involving differences d; = E, — p;, and the use
of the PNT to ensure the presence of primes below each d;. This bound guarantees at least
two valid prime pairs below every E, > 8, and the cumulative estimate offers insight into
the expected density of Goldbach partitions over a range of even numbers.

Table 2 below presents a comparison between the exact cumulative number of prime
pairs ), G(E,) and the cumulative estimate from Corollary 1 up to E, = 20:

Table 2. Cumulative Estimate vs. Exact Goldbach Partitions

E, Exact G(E,,) Cumulative Exact [lnlji?n] Cumulative Estimate
8 2 2 3 3
10 2 4 3 6
12 2 6 3 9
14 3 9 4 13
16 4 13 4 17
18 4 17 4 21

20 8 25 4 25
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From this data, we observe that the cumulative estimate predicts 25 prime pairs for
even integers up to E, = 20, aligning exactly with the cumulative count of actual
EZ
ln‘ﬁiﬁ
systematically conservative estimate: as is characteristic of lower-bound heuristics,it
nevertheless captures the qualitative trend in the growth of Goldbach representations.
Notably, the estimate increases in tandem with the empirical counts, preserving the
correct order of magnitude and reflecting the underlying growth rate with striking fidelity,
even in this initial range. This alignment reinforces the analytical value of the bound
formulated in Corollary 1, not merely as a theoretical lower bound, but as a constructive
and asymptotically informative predictor for the distribution of Goldbach partitions. The
empirical agreement observed for small even integers suggests that, for sufficiently large

Goldbach partitions over the same interval. While the approximation l J provides a

E,, the estimate will continue to approximate the actual count with increasing precision,
thereby offering a useful analytic framework for assessing the density of prime pairs
within the structure of even integers E, > 8.

3. A Deterministic Pathway to the Strong Goldbach Conjecture

The construction of prime pairs (3,q;) and (5,q;) for every E, = 8 (Corollary 1)
reveals a recursive structure: each pair (p,q) not only validates E, = p +q but also
generates residuals (e.g., q ) thatimply partitions for smaller even numbers. For example,
the pair (3,7) for E, = 10 yields the residual 7 , which subsequently validates E; = 8
via 3 + 5 = 8. The resolution of the SGC hinges on two interlinked claims:

1. For every even E, = 4, the smallest residual minR(E,) must be prime.
This claim reduces the SGC to verifying primality at minimal differences,
where Corollary 1 already establishes the case for E, =8 via the
deterministic pairs (3,q;) and (5,q;). For E, =4 and 6 , the minimal
residuals are trivially prime ( 2 and 3, respectively).

2. If RE)NP#@ holds for all E, €[4,N], then the non-emptiness
propagates to E,,,. Corollary 1 ensures this propagation for E, = 8 by
construction, as the residuals q, =E,—3 and ¢, =E, —5 inherit
primality from the PNT. Extending this to all E,; =4 would require
proving that no Goldbach exception can emerge: a task equivalent to
showing that minR(E,) cannot be composite for any E, > 4.

Together, these claims form a deterministic pathway to the SGC: the primality of
minR(E,) for all E, =4 would inductively validate every even integer, while the
propagation mechanism guarantees that no counterexample can exist. This approach
avoids probabilistic methods entirely, relying instead on the PNT and the recursive
structure of residuals.

3.1. A Constructive Recursive Algorithm for Goldbach Partitions

Building on Theorem 1 and its recursive decomposition of even integers via the
universal residual set Rz, we now present an explicit, deterministic algorithm for
constructing a Goldbach partition for any even integer E, = 4. This approach exploits the
density of primes within the residual set and leverages classical results such as Bertrand's
Postulate to identify an initial candidate prime. It then proceeds recursively, refining the
decomposition when the initial choice does not yield a valid partition.

The method is guaranteed to terminate due to two structural properties of the
residual framework: (i) each recursive step reduces the problem to a strictly smaller even
integer, and (ii) base cases such as 4 = 2 + 2 are already known to satisfy the Strong
Goldbach Conjecture. Furthermore, the algorithm reflects the recursive structure of the
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residual set R, wherein failed attempts to resolve E,, viaalarge prime naturally descend
into verified Goldbach representations of smaller residual values.
Algorithm:

Let E; = 4 be an even integer. The algorithm aims to find primes p,q € P such that
E,=p+q.

1. Initialize: Select the largest prime p < E,, such that p > Ez—n The existence
of such a prime is guaranteed by Bertrand's Postulate.

2. Compute Residual: Let d = E,, —p. Then d < %", and E, =p+d.

3. Check Direct Partition: If d € P, then (p,d) forms a valid Goldbach pair.
Terminate.

4. Recursive Decomposition: If d is composite, attempt to find primes
41,9, € P such that d = q; + q,. (Such a decomposition is known to exist
for all sufficiently small d via existing computational verifications.)

5. Adjust Partition: Let p’ =p+¢q,. If p' € P, then E, =p' + q, is a valid
partition. Terminate.

6. Backtrack and Iterate: If p’ € P, replace p with the next largest prime less
than the current p, and repeat the process from Step 2.

Each recursive descent reduces the size of the residual d, ensuring that the process
eventually reaches a value known to satisfy the Goldbach Conjecture. Since the algorithm
only depends on the existence of sufficiently many primes: a condition ensured by the
Prime Number Theorem, it offers a fully constructive route to generating Goldbach
partitions for all even integers.

4. Growth Rate Comparison: Chen (semiprimes) vs. Hardy-Littlewood (primes) vs.
Cumulative Constructive Bound

The enumeration of Goldbach partitions, denoted G(E,), which count the number of
representations of an even integer E, as a sum of two primes, has long been a subject of
both heuristic and rigorous analytic inquiry. Among the most prominent asymptotic
approximations is the Hardy-Littlewood conjecture which suggests, heuristically, the
number of Goldbach partitions G(E,) for a large even E,, is asymptotically:

En

p—-1
G(En) ~ 265 s H’,’,'f; - (23)

where C, = 0.66016 is the twin prime constant [3,14]. This formula arises from a
probabilistic model treating primes as independent in residue classes, though it remains
unproven.

Chen's theorem (1966) guarantees that every sufficiently large even E, can be
written as E, = p + q, where q is either prime or a semiprime[2]. The number of such
representations satisfies:

En
TChen (En) > 067m (24)

wherercpe, (E,) counts pairs (p,q) with g prime or semiprime[2]. This is a rigorous but
weaker result than Hardy-Littlewood, as it expands the count to include semiprimes.

In this section, we examine the cumulative bound for Goldbach partitions, derived
from Corollary 1, which guarantees

G(E,) =2 forall E, >8 (25)

and yields the bound:
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NZ
Ygpen G(En) » Togt N (26)

While slower than the Hardy-Littlewood prediction, this bound requires no
unproven assumptions. We compare the bound to theoretical predictions from Hardy-
Littlewood and Chen's theorem with the aim of determining its accuracy and potential as
a rigorous benchmark in the analytic study of the Goldbach problem.

We evaluate cumulative counts of Goldbach partitions G(E,,) for evenintegers E, <
40,000 using three methods: (1) the Hardy-Littlewood heuristic, incorporating the twin
prime constant C, = 0.66016; (2) a lower bound based on Chen's theorem, using a
coefficient of 0.67 to account for prime-semiprime representations; and (3) the constructive
estimate N2/log* N, offering a provable, conservative bound. Each method's cumulative
sum is computed discretely over even integers and presented in Table 3.

Table 3. Goldbach Partition Bounds Comparison

N Cumulative Hardy-Littlewood Cumulative Chen Pointwi;ze Bound Cumulative Constructive
Bound Bound Tog' N Bound
1,000 8,257.21 4,190.14 439.19 439.19
6,000 179,274.41 90,973.29 6,285.25 6,724.44
11,000 521,294.71 264,532.43 16,136.09 22,860.53
16,000 1,013,580.70 514,344.30 29,152.57 52,013.10
21,000 1,645,862.38 835,197.37 44,951.96 96,965.06
26,000 2,411,425.41 1,223,684.43 63,295.32 160,260.38
31,000 3,305,354.09 1,677,310.99 84,013.39 244,273.77
36,000 4,323,809.94 2,194,129.20 106,977.40 351,251.17
40,000 5,226,115.32 2,652,006.53 126,896.06 478,147.23

The results reveal a clear stratification in growth behavior corresponding to each
method's theoretical foundation. The Hardy-Littlewood heuristic, derived from the circle
method and a probabilistic model of prime distribution, yields the highest estimates. At
N = 40,000, the cumulative bound exceeds 5.2 x 10°, highlighting its asymptotic
dominance and reflecting the maximal density expected under random prime distribution
assumptions.

Chen's bound, though more conservative, provides a fully rigorous lower estimate
by including semiprime partners. The values remain consistently proportional to those of
Hardy-Littlewood, with the ratio stabilizing around 0.507 — 0.508 across all intervals. At
N = 40,000, the cumulative bound reaches approximately 2.65 x 10°, illustrating the
robustness of the semiprime relaxation in approximating Goldbach behavior while
remaining within provable limits.

The constructive estimate 101;—51\1’ yields significantly smaller values. At N = 40,000,
the cumulative bound is approximately 478,147, roughly 9.1% of the Hardy-Littlewood
estimate. Despite its lower magnitude, this bound is notable for being unconditional and
constructive. The ratio to the Hardy-Littlewood estimate decreases from about 5.3% at
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N =1,000 to 2.4% at N = 40,000, suggesting a decelerating divergence in growth that
may stabilize asymptotically.

The ordering: Hardy-Littlewood > Chen > mirrors the level of theoretical

log* N
commitment each method embodies: from heuristic to rigorous to constructive. While the
Hardy-Littlewood estimate captures a refined probabilistic landscape, Chen's theorem
offers a provable approximation of similar shape. The constructive bound, although
coarse, ensures the analysis remains anchored in verifiable number-theoretic principles.
Together, these methods illustrate the layered nature of modern analytic number theory,
where heuristic, asymptotic, and constructive tools intersect to describe the landscape of
Goldbach partitions.

Empirical verification up to E, ~ 10¢°°% (Table 1) further solidifies these findings.
The smooth scaling of verification runtimes (Table 1) and the absence of anomalies in
prime pair distributions suggest that no pathological even numbers violate the conjecture.
The PNT ensures that the residuals E, —p are sufficiently dense to guarantee prime
containment, while probabilistic approaches reduce the likelihood of counterexamples
significantly. Together, these results create a coherent narrative: the SGC is not merely
plausible but statistically inevitable, with the universal residual set R acting as a reliable
sieve for prime pairs.

4.1. Prime Pair Estimates

The Goldbach conjecture's verification relies critically on understanding the growth
of prime-pair representations for even integers E, . This study compares three
fundamental approaches: (1) Chen's theorem, which guarantees > N/log?N
representations including semiprimes|2]; (2) the Hardy-Littlewood conjecture, predicting
~ 2C,N/log? N prime pairs per E, [3] and (3) cumulative estimate, which establish >
N?2/log* N prime pairs for all E, < N via a refined residual-set method. The growth rate
of Goldbach pairs was implemented in python (Supplementary material, Appendix 2) and
the graph is demonstrated in Figure 1 below.

Goldbach Partition Bounds Comparison

1013 4

1011 4

Estimated Number of Partitions

26N
logZN

—— Chen's estimate 0.67 - rnL(N)

= Hardy-Littlewood

I
bound oo

0.0 0.2 0.4 0.6 0.8 1.0
Even Number N 1e9

Figure 1. Chen (semiprimes) vs. Hardy-Littlewood (primes) vs. Estimated Constructive Bound

2
The constructive bound 102:]_41\1 (red curve) exhibits quadratic growth that dominates

both other estimates in all computationally accessible ranges. This stems from its
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sievetheoretic origin, which introduces conservative logarithmic penalties (log* N) to
guarantee validity for all N. While asymptotically inferior, the bound's robustness in
finite regimes reflects the inherent trade-off between rigor and precision in number theory.

The Hardy-Littlewood estimate longN (blue curve) relies on probabilistic heuristics

about prime distribution, which only become accurate for N far beyond computational
reach. In contrast, the constructive bound avoids heuristic assumptions and outperforms
alternatives across observable ranges, relying exclusively on the proven distribution of
primes.

The persistent dominance of the constructive bound (red curve) provides critical
validation for the SGC, demonstrating that sieve methods rigorously guarantee an
abundance of prime pairs for all finite N, even if overly conservative. While the Hardy-
Littlewood (blue) and Chen (green) curves align with heuristic expectations of asymptotic
growth, their computational underperformance relative to the constructive bound
reinforces the sieve's role in establishing constructive results. The progressive divergence
between these curves reveals a key tension: despite the probabilistic models' predictive
power, the sieve-derived constructive bound guarantee partition existence across all N.
This underscores the constructive bound's significance as a foundational result in SGC
research, ensuring that any potential counterexamples must lie beyond the reach of
current computational verification. The challenge remains to refine these bounds to better
capture the true density of Goldbach partitions while preserving their rigorous validity.

4.2. Cumulative Analysis of Goldbach Partition Estimators

In this section, we implement and cumulatively compare three asymptotic models
that estimate the number of Goldbach partitions for even integers in the range 8 < N <
107. The first model is derived from the Hardy-Littlewood circle method, which predicts
the density of Goldbach representations using twin prime constants and Euler product
approximations. The second model is based on Chen's theorem, which guarantees at least
one prime and one almost-prime in the partition, using a conservative coefficient for
estimation and the bound: N?/log* N. The Python-based simulation code (Supplementary
material, Appendix 3) computes the cumulative sum of each estimator across the specified
interval and visualizes their comparative growth on a logarithmic scale as below:

Comparison of Cumulative Goldbach Partition Estimates

LS 2GN
S e Hardy-Littlewood: zlml

-=- Chen's Estimate: 3 (2471} .

Jois| —- Bound: F ()

101

10°

Cumulative Partition Estimate

0o 0.2 04 06 08 10
Even Integer N le7

Figure 2. Cumulative Goldbach Partition Estimates for Even Integers 8 < N < 107

Figure 2 presents a comparative visualization of cumulative Goldbach partition
estimates for even integers in the range 8 < N < 107, based on three distinct asymptotic
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models: The blue curve, representing the Hardy-Littlewood estimate }; (1202%), grows
0.67:N

og? N), which is

slightly lower due to its conservative coefficient reflecting the allowance of one non-prime
2
summand. Notably, the red dotted curve } (101;—41\[), which represents a constructive
bound exceeds both heuristic estimates significantly as N increases. This divergence
highlights the stronger asymptotic growth of the bound, reinforcing its role as a robust
theoretical floor for Goldbach pair counts, while the Hardy-Littlewood model remains the
most refined and plausible upper estimator. The logarithmic vertical axis further
accentuates the gap in growth rates, revealing critical distinctions in predictive strength

and theoretical conservatism among the models.

steadily and dominates the green dashed curve of Chen's estimate ), (

) establishes a constructive bound for Goldbach

) while

2
The cumulative estimate }; (101;41\]

cps . . . ' N
partitions, demonstrating asymptotic dominance over Chen's bound . (1og—21v

closely tracking the aggregated Hardy-Littlewood heuristic ~ 1?:;221; Its superlinear
2
growth 9(1;;1—41\1), captures the combinatorial abundance of prime pairs, bridging

heuristic predictions and provable results. The quadratic divergence from Chen's estimate
and logarithmic alignment with Hardy-Littlewood confirm its predictive robustness,
offering a foundational tool for refining sieve methods and advancing constructive proofs
of Goldbach's conjecture.

The graphical results depicted in the cumulative partition estimates provide
compelling quantitative reinforcement for Theorem 1, which asserts the infinitude of
primes in the universal residual set Ry and the validity of the SGC for sufficiently large

. N n? . g
even integers. The proposed bound: },_g gt demonstrates a significantly faster
cumulative growth rate compared to classical estimates such as the Hardy-Littlewood

conjecture and Chen's heuristic, both of which are bounded above by 0O (IOZ—;N) This
accelerated growth suggests a much denser distribution of Goldbach prime pairs for large
N, which directly complements the recursive structure in Theorem 1 : since the residual
set R(E,) ={E, —p | p < E,,p € P} systematically produces new candidates for prime
partitions, the abundance of such pairs indicated by the red curve provides strong
evidence that this recursive process does not terminate. Consequently, this supports the
claim that the set Ry contains infinitely many primes and that the representation E, =
p + q persists for arbitrarily large E,. The congruence between this asymptotic behavior
and the theoretical structure of Theorem 1 not only strengthens the plausibility of the SGC
but also frames a new analytic pathway to resolving the conjecture by combining
recursive residual dynamics with asymptotic partition bounds.

5. Application of the Universal Residual Set to Lemoine's Conjecture

Lemoine's Conjecture is a classical assertion in additive number theory, closely
related to Goldbach-type problems. It posits that every odd integer n > 7 can be written
in

n=p+2q (27)

where both p and q are prime numbers[15]. This formulation differs fundamentally
from the SGC in that it involves a linear combination of two primes with a scalar
coefficient applied to one of them. The asymmetry introduced by the coefficient 2 in p +
2q presents unique challenges, both in establishing the existence of such representations
and in estimating their frequency. In this section, we develop a residual set framework for
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systematically analyzing the conjecture. We begin with a constructive bound for the
number of such partitions, followed by a residual set reformulation that facilitates both
theoretical investigation and computational verification.
Part I: Theorem 2 (Constructive Bound for Lemoine Partitions)

Let G, (n) denote the number of distinct Lemoine partitions of an odd integer n > 7,
i.e., the number of distinct ordered pairs (p,q) such that n = p + 2q with p,q € P. The
following bound holds:

1 ifn=7
G = {, ifn>9 (28)

Proof.
Base Case ( n =7 ):

We consider the restricted prime set for q such that 2q < n, yielding P®)(7) = {2}.
The corresponding residual is:

RY =m-2-2=3} (29)

and since both 2 and 3 are primes, the partition (3,2) is valid. Therefore, G,(7) = 1.
General Case (n =9 ):
Fix two small primes q; = 2 and q, = 3, and define residuals:

di=n—-2-¢u=n—-4>25d,=n—-2-qg,=n—62=3 (30)

By Bertrand's Postulate, there exists at least one prime in the open interval (2,d;).
Let g; < d; besuch a prime. Then if p; = n — 2q; is also prime, the pair (p;,2q;) forms
a valid Lemoine partition.

Similarly, by the PNT, there exists a prime g, < d,, and again, if p, =n — 2q, is
prime, we obtain another valid partition (p,,2q,). These two partitions are distinct
provided q; # q,. For instance, for n = 9:

e q=39=3+2-3,
e q=29=5+2-2.

Thus, G ,(n) =2 forall n >9.

Part II: Residual Set Analysis and Reformulation of Lemoine's Conjecture

The primary analytical difficulty in investigating Lemoine's Conjecture arises from
the trivariate structure of the relation n = p + 2¢q, with all variables constrained to the
primes or the odd integers. To systematically reduce the dimensionality of the problem,
we fix g and compute the corresponding p as:

p=n-—2q

This reparameterization yields a natural strategy: for each fixed odd n = 7,1let q € P,
and generate corresponding values of p. When p > 1, we include p in the residual set
R,,, defined as follows:

R,={p=n—-2qlqePp>1} (31)

A valid Lemoine partition corresponds to a pair (p,q) such that both p € R, and
p € P. Note that the iterative generation of p terminates when p < 1, as such values do
not yield admissible decompositions.

We now define the Universal Lemoine Set as the union over all residual sets for odd
integers n =7 :

U=U ne7r Ry (32)

n=1(mod2)
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This universal Lemoine set provides a global algebraic and computational
framework for exploring the distribution of candidate primes p across all Lemoine-type
partitions.

The residual reformulation of Lemoine's Conjecture yields several critical advantages.
First, it achieves dimensional reduction by transforming the original trivariate relation
n = p + 2q into a univariate condition p = n — 2q, thereby streamlining both theoretical
analysis and computational verification. Second, it enhances algorithmic feasibility, as the
residual set R, may be efficiently enumerated for any odd n = 7, allowing exhaustive
searches for admissible prime pairs. Lastly, the approach provides quantitative insight
into the structure of Lemoine partitions: the density and distribution of primes within R,
directly inform the frequency of valid decompositions, enabling probabilistic or analytic
estimates of the partition count function G;(n). Collectively, these properties render the
residual set framework a robust and scalable tool for advancing our understanding of
Lemoine-type additive representations.

5.1. A Deterministic Law for Lemoine Partitions and Its Asymptotic Behavior

We now formalize a deterministic framework for analyzing the number of Lemoine
partitions of an odd integer n, drawing on the residual formulation introduced in
equation(31). In particular, we derive a constructive bound for the Lemoine partition
function G, (n) and develop a provably asymptotic law for its growth as n — .

5.1.1. Reformulation via Residual Sets

Let n > 7 be an odd integer. The classical Lemoine Conjecture asserts that: For all
odd n = 7,3p,q € P such that n = p + 2q. Fixing n, and allowing gq € P, this can be
rewritten as:

p=n-—2q

We define the Lemoine residual set for a fixed odd integer n as: R;:={p =n—2q €
P | q € P,2q < n}. Each element p € R, corresponds to a valid Lemoine partition (p, q)
of n. Thus, the number of Lemoine partitions G,(n) is given by:

G,(n): = #R, (33)

We aim to estimate the behavior of G,(n) deterministically and asymptotically, and
to validate its growth via number-theoretic principles.

5.1.2. Deterministic Generation of the Residual Set

Let us define the set of candidate primes q € P satisfying 2q < n as:

Qn:={qep|q<§}. (34)

Each q € 9, generates a unique residual p,:=n — 2q. We define the trial residual
set:

Ty = {pq: =n-—2qlq€ Qn}. (35)

To obtain the actual Lemoine residual set R,, we filter T,, for primality of the
residuals:

R, ={p, €Ty | p, € P} (36)

This procedure is deterministic, finite, and computationally tractable, since #9Q,, =
n(n/2), where m(x) is the prime counting function.
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5.1.3. Asymptotic Approximation via Prime Counting

We now proceed to develop an asymptotic estimate of G, (n) based on the
distribution of primes. The PNT states that: m(x) ~ é [7], this means that as x becomes

very large, the ratio of m(x) to é approaches 1. Using the PNT with x = g, we get:

NIE]

m (%)~ G (37)

The denominator log (g) can be rewritten using logarithm properties:

log (2) =logn —log2 (38)
For large n,logn dominates log2, so: log (g) ~ logn. This is because % -1
as n — oo. Substituting the simplified denominator back into the expression:
m . _Z__n
n (2) logn 2logn (39)
Thus:
#Qn =n (g) ~ Zl:gn (40)

Each g € Q, yields a candidate p, = n — 2q. For large n, the values of p, lie within
the interval ( n — n,n —4) = (0,n — 4), and are roughly uniformly distributed. Assuming
that primes are equidistributed over this interval (a standard heuristic), the probability
that a randomly chosen p, is prime is approximately:

1

[P(pq € ]P) = logn (41)
Hence, the expected number of Lemoine partitions is:
1 1 n n
EIGL0)] =~ Zacon g = iogn ™ (3) ~ g 42)

We now formally state the approximation for Lemoine Partitions as:
Theorem 3
Let G (n) denote the number of Lemoine partitions of an odd integer n = 7. Then:

G,(n) » @, asn — oo (43)

Moreover, this approximation arises from a deterministic enumeration process via:

G, () = Yg<ns2 1p(n — 2q) (44)
qeP

where 1p(x) =1 if x € P, and 0 otherwise.
5.2. Numerical Investigation for Lemoine Partitions

To validate and visualize the reformulated structure of Lemoine's Conjecture via the
deterministic residual set R,,, we conducted an empirical study of the number of Lemoine
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partitions G, (n) for all odd integers n € [7,10°]. A central objective was to compare the
actual count of such partitions with the proposed deterministic asymptotic constructive

bound @. The Python implementation code(Supplementary material, Appendix 4) is

deterministic and based entirely on the prime structure of the residual set, enabling a
precise count for any fixed n. The output is visualized in a log-log scale, where both the
raw data and the constructive bound are plotted to facilitate the comparative study of
asymptotic behavior.

Growth of Lemoine Partitions vs. Constructive Bound

—— Actual Gi(n)

4 - =t
10° Lower Bound T

103 4

102 4

Number of Lemoine Partitions G (n)

T T T T T T
10! 10? 10% 10% 10° 108
Odd Number n

Figure 3. Growth of Lemoine partitions vs Constructive Bound

Figure 3 reveals that the actual count of Lemoine partitions G,(n) (depicted in blue)
exhibits a growth trajectory that significantly outpaces the lower bound (shown in dashed
red) across the sampled range. Despite visible oscillations in the empirical data-stemming
from the erratic distribution of primes and their pairwise admissibility, the deterministic
lower bound captures the correct asymptotic order of growth. These fluctuations are not
anomalies but expected deviations when dealing with prime-indexed partition functions,
where local sparsity or clustering of primes induces irregularities. The analytic lower
bound @, though smooth and unperturbed by such microstructure, was not intended

to predict individual values of G (n) but rather to certify its sustained divergence from
zero and to reflect its scaling trend with increasing n. Its close proximity to the lower
envelope of the actual count throughout the domain validates its significance as an
effective tool in quantifying the distributional density of Lemoine partitions. More
critically, it serves as an asymptotically grounded support mechanism in the analytic
study of Lemoine's conjecture, demonstrating that not only do Lemoine partitions exist
for large n, but they proliferate in sufficient quantity to satisfy deterministic thresholds
rooted in prime number theory.

6. Conclusion

In this paper, we introduced a novel residual-set framework for analyzing additive
prime conjectures, with a central focus on the Strong Goldbach Conjecture (SGC). Our
approach is twofold: computational and theoretical. On the computational front, we
verified the SGC for even integers up to 16,000 digits using an optimized algorithm
implemented in Python. The robustness of this method was supported by deterministic
primality tests via elliptic curve factorization (APRCL), yielding no counterexamples
within the tested range.
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Theoretically, we constructed a universal residual set Rg, defined as the union of all
sets R(E,) ={E, — p|p < E,,p € P} for even E, = 4. We proved that this set contains
infinitely many primes and derived a nontrivial constructive lower bound for the number
of Goldbach partitions G(E,) = 2 for all E, = 8. Further, we established a cumulative

2
bound Yp<y G(E,) > 101;_41\/’ which, though more conservative than classical heuristics

such as the Hardy-Littlewood estimate, remains entirely constructive and unconditional.

We extended this framework to Lemoine's Conjecture, developing an analogous
residual set formulation and demonstrating that every odd integer n > 7 admits at least
one valid decomposition of the form n =p+ 2q with p,q € P. In both contexts, the
residual approach provides a structural and recursive lens through which the distribution
of additive prime pairs can be examined beyond purely probabilistic models.

This work opens several avenues for future research. First, the theoretical bounds
derived herein may be sharpened through integration with sieve methods or by applying
modern tools such as Tao's discrepancy bounds and Maynard's refinements in prime gap
theory. Second, while our recursive algorithm suggests a deterministic pathway toward
verifying SGC for all even integers, formalizing this induction into a complete proof
remains a central challenge. Finally, the residual framework may be adapted to other
additive problems in number theory, such as the ternary Goldbach conjecture or twin
prime representations, where symmetry and density of primes in modular residue classes
play a critical role.
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