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Abstract: This article presents a mathematical model designed to simulate the impact of
targeted interventions aimed at preventing HIV transmission among female sex workers
(FSWs) and their clients, while also analyzing their effects on the health of the general
population. The compartmental model distinguishes between high-risk populations
(FSWs and their clients) and low-risk populations (sexually active men and women in the
general population), and links prevention efforts in high-risk groups to the evolution of
the epidemic in the low-risk population. The fundamental properties of the model, such as
the positivity of solutions and the boundedness of the system, have been verified, and the
basic reproduction number Ro has been calculated. Finally, the stability of the model was
studied using Varga’s theorem and the Lyapunov method. Simulation results show that
targeted prevention among FSWs and their clients reduces HIV incidence in the general
population. This framework provides a valuable tool for guiding policymakers in the design
of effective strategies to combat the epidemic, especially relevant in the context of suspension
of USAID funding.

Keywords: Stability analysis; Key populations; HIV infection; Basic reproduction number;
Mathematical modelling; Female sex workers

1. Introduction

Health systems are constantly evolving in order to improve the services offered
to the population. When implementing these policies, it is important to be able to
assess their impact on population’s health status. In the context of HIV, several
prevention and treatment strategies have been defined to effectively control the
spread of the disease [1]. According to UNAIDS, new HIV infections have been
reduced by 59% since the peak in 1995 [2] and the current prevalence if 0.7% globally.
However, the epidemic is most prevalent among key populations (KP), including
female sex workers (FSW), men who have sex with men (MSM), injectable drug users
(IDU), and prison mates [2]. As matter of fact, the prevalence of HIV infection
was 3.6 times higher among sex workers, 10.7 times higher among MSMs, 7 times
higher among IDUs, 14.7 times higher among transgender people and twice among
the prison mates [3]. In Sub Saharan Africa, key populations accounted for 51% of
new infections in 2021 [2]. Considering this new situation which represents a
significant threat to disease control, a completely new response plan has been put
in place by UNAIDS with KPs at the center of this new strategic plan [4].
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Several mathematical models have been developed by researchers to provide a
better understanding of the disease transmission in key population groups and to
measure the effect of prevention and treatment strategies targeting them. In Kenya,
for example, Omondi et al. [5] developed a mathematical model of HIV transmission
between sex workers and injecting drug users to assess the effect of combination of
Pre-Exposure Prophylaxis (PrEP) and antiretroviral therapy (ART) on the spread of
HIV. In Cote d’'Ivoire, Maheu-Giroux et al. [6] developed an age-stratified dynamic
model of sexual and vertical transmission of HIV among the general population,
FSWs and MSM. Their model was calibrated on detailed prevalence and intervention
data (ART and condoms). Geidelberg et al. [7] looked at the role of PrEP on the spread
of HIV among FSWs in Cotonou (Benin Republic). The authors also used a
compartmental model involving PrEP and ART in high-risk (FSWs and clients)
and low-risk populations. In Burkina Faso, Low et al. [8] formulated an initial
mathematical model to assess the impact of combining ARTs and condoms on FSWs’
health status.

So far, there is no standardised approach to directly visualising how
interventions targeting key populations can affect the general population that
does not interact directly with them. The aim of the model proposed in this
study is therefore to describe and simulate the potential benefits of HIV control
programs for key populations, taking into account the indirect effects on the
general population. This research extends the initial study by Low et al. [8]. To
illustrate our approach at the national level, we examine the specific situation of
Burkina Faso, a landlocked country in West Africa where HIV prevalence varies
widely among demographic groups and identified key populations. In 2019, the
national census reported a population of 20.5 million, currently estimated to be
close to 23.5 million [9]. HIV prevalence in the general population is estimated at
0.6% [10], with specific rates of 0.8% for women and 0.5% for men aged 15-49 years.
Among key populations, prevalence is estimated at 5.4% among sex workers, 1.9%
among men who have sex with men, 1.3% among prisoners and 1.0% among
injecting drug users [11].

The work in this paper is organized as followed: in Section 2, the model
describing the transmission of HIV between high and low risk individuals is
formulated. In Section 3 the mathematical analysis of the modelis given. Application
with numerical simulation and the model simulation results are presented in Sections
4. Finally, the discussion and conclusion are presented in Section 5.

2. Model formulation

In this section, a mathematical model is formulated. It describes the HIV
transmission between two different risk groups, namely sex workers and their
clients considered to be at high risk of infection and the general sexually active
population considered to be at low risk of infection. This model is an extension
of a model studied in [12] and is based on the modelling approach givenin [5, 13].
The transition between these risk groups is assumed to exist in this model. The
model has twelve compartments. S, I, and A represent the level of infection
according to a classical SI model. These are respectively the susceptible, the
infectious and the AIDS «class in the model. The type of group
{sw, c,m, f} represents the category of the participants which are respectively the
FSWs, their clients, the general male population and the general female
population. The infection rate A1is determined from the average annual number
of sexual partners (y), the probability of HIV transmission during vaginal sexual
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intercourse (py, for male and pr for female) with a partner in infectious (I) or
AIDS (A) state. The parameter I' will permit to modify the risks of HIV sexual
transmissions. Infection rates in at-risk populations are given by

Ic Ac
l-‘l‘lrbswlc + l-‘2 wswAC

Asw = pu(1— 1) N .
c
1 A
T IsWI +T AswA T fI+F fA
Agw = PF[(l - ) llpc sw lec sw_l_ 11»00 i lec f]‘
Nsw Nf
Ic Ac Im Am
4= [rlt,bf I + T eA, s L™l + D)) Am]
= Pm N, N ‘
If Af
Tl I + Ty A,
Asw = DPr N .
f

The parameter m is added to consider the effect of preventive intervention
targeting FSWs and their clients. The model assumes that all risk groups grow at
the same rate over each period. The population sizes at time t for the risk groups
are:

Ny (€) = Ssu () + L5y () + A5y (£); Ne(8) = Sc(8) + 1.(6) + Ac(0);
Nm(t) = Sm(t) + Im(t) + Am(t); Nf(t) = Sf(t) + If(t) + Af(t);

It is important to note that the intervention is implemented in the group of
high-risk individuals. The full list of model parameters is summarized in Table 1.

The flow and interactions between the compartments are described in Figure
1. In this figure, black arrows indicate the evolution of individuals in the course
of the infection while red arrows indicate sexual infection across groups.

Table 1. Description of parameters used in the model.

Symbol Description

A Recruitment rate for each group

u Death rate based on life expectancy at age 15

P Contact rate between individuals of different gender
Pum Probability of sexual HIV transmission Male to Female
Dr Probability of sexual HIV transmission Female to Male
r Modifier of the probability of sexual HIV transmission (due to the acuity of the infection)
A Transition rate from susceptible to infectious

y Transition rate from infectious to AIDS

d AIDS fatality rates

T In case of intervention, a measure of the efficiency rate
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Figure 1. A compartmental representation of the model for HIV transmission.

conditions
0,5, (0) = 0, I,(0))

The above description gives the following non-linear ordinary differential
equations: For sex workers and their clients

dSsw
d—i = Ao — (Asw — W Ssw»

dlsw

i AswSsw — (¥ + Wlgy
dAgw

a Vg — (u + d)Agy,
ase )
—< = Agy — (Asw — W Ssw»

dt

dl,

a AcSe — (v + Wi,
dA

d_tc =yl — (u+ d)A..

For men and women in general population

af _

—- =0 — (& = w)Sy,
dal
d_tf = /1fo -+ ﬂ)lf,

dA
—L=vl — @+ D4, 2
Lom Ay — Ay — 1) S,

at
dhm
;t = AnSm — v + Wy,
dAm
—r = Vi = (u+ A,
The system of equations in (1) — (2) is subject to the following initial

Ssw(0) 2 0,1 ((0) = 0,Asw((0) = 0,5.(0) = 0,1c(0) = 0,A.(0) =

0,A,,(0) > 0,S¢(0) > 0,If(0) > 0 and A;(0)> 0.
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3. Model analysis
3.1. Positivity and boundedness properties

In this subsection, we determine the equilibrium points, and the basic
reproduction number associated with System (1) — (2).
Lemma 3.1. If $,,(0), I, (0), A5y (0), Sc(0), 1.(0), Ac(0), S (0), [,(0), An(0),
5¢(0), I(0), and Af(0) are non negative, then so are Sg, (t), Lsy, (t), Asy(t), Sc(t), 1.(1),
Ac(), Sp(t), L), An(t), Sp(t), I (t), and Ag(t) for all time t > 0. Moreover,
lim; 4 SuUpN (t) < %
Proof 3.1. For that, we first use the contradiction that the state variable S is nonnegative for
all t<0 . Let e(t) =
min{Ss, (), Isw (t), Asw (£), Sco (£), 1 (£), Ac (£), Sy (), L (£, A (£), Sp (), I (£), Ap (1)} and
let us suppose that there is at least one t; > 0 such that e(t;) = 0 and e(t,) >0 forall t €
(0,ty). Therefore, if e(t) = Sy, (t) then each state of model (1) & (2), is positive and from
the first equation of (1) & (2), we have

st(t) > .ussw(t) (3)
It then follows that
0 = S (t;) > S, (0)e ™0 4)

which leads to a contradiction.
Similar proof can be given for the other state variables. Thus, any solution of system
(1) — (2) is nonnegative for t = 0. Moreover, the total number of the population N(t)

at any time is governed by

N@® = A— uN(t) — d(Asw(t) + Ac(t) + Af(t) + Am(t)) < A — uN(D). (5)

Where A = Ay, + Ac + Ap + Apy.
Thus, for the initial conditions 0 < N(0) < ﬁ, by using Gronwall inequality [14, 15],

we get
0<NO < Q]

Hence, system (1) — (2) defines a dynamical on

4= {(SSW (t): ISW (t), ASW (t), SC (t)' IC (t)' Ac(t), Sm (t)' Im (t), Am (t)! Sf (t)' If(t)’ Af (t))
A
eRI*:0<N(0) < —}.
u

3.2. Equilibrium points and basic reproduction number R,

In this subsection, we determine the equilibrium points, and the basic
reproduction number associated with System (1) — (2).

3.2.1. Equilibrium points

Let € = (st, Isw, Asw, Sc, le, Ac, Sf, le, As, Sm, Im, Am) be the equlhbrlum p01nt of
System. This corresponds to the values where the equations (1) — (2) are all null.
Let g0 and &* be respectively the disease-free and endemic equilibrium points

of System (1) — (2). The disease-free equilibrium corresponds to the case were there is
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not infected individual. In this case, we have I, =0,A5, =0,I. =0,A. =0,I=0,A¢ =
0,In = 0,A, = 0 and the disease-free equilibrium given by:

& = (%2,0,0,,00,%,00,72,0,0) 7

We design by I, Asw, 16, AL IF, A IR and  A§,, the infectious at endemic
equilibrium points, so

E*= (S;WJ I;W' AZWI Sz; Izr A)’(;r SFr IF; A?f S:nr I:nr A:n) (8)
With
S* = Agw _ M+V)(p+ d)A*
sw n vi swr
L _htd
liw = — Asw)
A + +d
5= A (L+y)(u )A’g,
33 YU
+d
r=ET%%
Y
A + +d
5= r_ (n+v)(u )A,;’
u YH
+d
=N
Y
A + +d
st _Am (it )A’;n,
u YU
Lo_htd
Ih = TAm.

By putting the right hand side of system (1) — (2) to zero, and keeping each state variable
different from zero (S5, # 0, Iy, #0, S #0, I, #0, Iy #0, I # 0, S;, # 0 and I,,, # 0).
We also make this assumption:

ISW I;(W

I I

=

I, I

(H):V Ly, I3, 11, 1 € Ry,

3.2.2. The Basic reproduction numbers R,

The threshold parameter Ro is defined as the average cases of secondary
infections generated by a single infectious individual in a completely susceptible
population during his/her period of infectiousness [16, 17]. In our model the
infected classes correspond to states lsw, Asw, lc, A, It, A, Im and Am. Thus, we can
rewrite system (1) — (2) as

X=F0 —-VY®, (€))

where x = (Isw, Asw: I, Ao I, Ag Iy, Apy) ; F is the rate of appearance of new
infections in each class, and V is the rate of transfer of individuals out of (for
positive values) or into (for negative values) compartment by all other means.
Hence, in our case, we have that
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Tk I + Lyl A
[pM(l _ T[) % lllew C N lesz C] x SSW
(o4

0
SwW Asw I A
LU o + DUesAgy, T dle + Dore A
pr (1 — 1) X +
Nsw Nf
0
Ic Ac Im Am
Dyl + LA TPy + Ly ™A,
M +
I\ N
0

I A
Tyf I + DUl Ay
pr X [ = Nf = ] X Sm

0

XS

X S¢

and

(W + V) sw
_yIsw + (u + d)Asw
(n+ Y)Ic
=yl + (u + d)Ac

V= (n+Y)Ig
—ylg + (n+ d)A¢
M+ V)y
—Vln + (0 + DA,

The jacobian matrix of F and V at the disease-free equilibrium ¢, are given by

0 0 Fs F, 0 0 0 0
/ 0 0 0 0 0 0 0 0
| F3‘1 F3‘2 0 0 F3’5 F3,6 0 0 |
Fe [ o o o o o o o o0 |
| 0 0 Fy Foy O 0 Fsy; Fegl
0 0 0 0 0 0 0 0
0 0 0 0 Fs Fe 0 0
0 0 0 0 0 0 0 0
where:
IC Sgw AC SSOW
F1,3 =pum X (1 - T[) X (r‘llljsw) X S_(); F1,4 =pm X (1 - T[) X (Flesw) X F;
C C
Isw Sg Asw Sg
F3; =pr X (1 —m) X (Fﬂljc ) X0’ F3, =pp X (1 —m) X (FZlIJc ) X0
SOy Ssw
I¢ S(? Ag S((I)
F35 = pg X (F1¢'c X S_; F36 = pr X (qu"c ) X S_;
£ f
iy L SF Ay L SE
Fs3 = pu X (1 —m) x (TY°) X Sg) Fsq = pm X (1 —m) X (Y5 )xﬁ;
C C
Iy SF Amy L SF
Fs; =pm X (1—m) X (FﬂIJf ) Xs_oi Fsg =pu X (1 —m) X (lepf ) XS_OZ
m m
I¢ SI(')II Af Sg’l
F,s = pr X (TyP) ¥ K F6 = pr X (L) % 50"
f f

and
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(w+7) 0 0 0 0 0 0 0
/ -y (u+d 0 0 0 0 0 0 \
| o 0 m+7v) 0 0 0 0 0o |
Ve 0 0 -V (u+d) 0 0 0 0
- 0 0 0 0 (L+y) 0 0 o |
0 0 0 0 N (TE)) 0 0
0 0 0 0 0 0 (L+7v) 0
0 0 0 0 0 0 -y (u+d
respectively.
The matrix V is invertible (non-zero determinant) and its inverse V™! is defined by:
! 0 0 0 0 0 0 0
w+v
Y ! 0 0 0 0 0 0
w+wp+d) @+d
1
0 0 —_— 0 0 0 0
w+v)
0 0 Y ! 0 0 0 0
y-1 = w+@+d) (@w+d)
= 1 ,
0 0 0 0 —_— 0 0 0
w+v
0 0 0 0 4 ! 0 0
w+p+d) w+d)
1
0 0 0 0 0
w+v
0 0 0 0 0 Y !
w+p+d) w+d)
So, the next-generation matrix FV™! is given by:
VFi, Fig Fiy
0 - - - 0 0 0 0
w+p+d) @+y) W+d
0 0 0 0 0 0 0 0
YF3, F3q F, 0 0 YF36 : Fis Fs6 0 0
@+@+) w@+y) @+ad @+p+d) w+y) @w+ad)
0 0 0 0 0 0 0 0
0 YFsa Fs3 Fs, 0 0 YFsg Fs,; Fsg
w+p+d) @+y) w+d w+p+d) @+y) w+d
0 0 0 0 0 0 0 0
YFr6 Frs Frg
0 0 0 - - - 0 0
WIPETD Gy wtd
0 0 0 0 0 0 0 0
Let’s put
A= YFia Fiz B = Fia C= YEs, F31 D= F3p
w+nwu+d)  @+y)’ w+d) w+Nwu+d)  @w+y)’ m+d)’
E= Y6 F3s F= F36 _ YFs4 Fss H= Fs,
wW+Nwu+d)  @w+v)’ w+d)y w+Nw+d)  w+y)’ m+d)’
YFsg Fsg YF76 Frs F76

Sarnerey v TarperoTwrn T ara

The basic reproduction ratio is given by R, = p(—FV ™), the spectral radius of the next-
generation matrix FV~!. In our case, we have that

_ﬂ+— M,ifﬁ2—4a>0
Ry = 2 P

=, 2_4a=0
Zlfﬁ a
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Where:
a = ACIK and B = —(IK + EG + AC)
3.3. Stability of equilibrium points
In this subsection, we prove the global stability of disease-free equilibrium ¢,
when R, <1 and the global stability of endemic equilibrium €*, when R, > 1.
Lemma 3.2. The disease-free equilibrium &, of system (1) — (2) is globally asymptotically
stable, when Ry < 1 and unstable if Ry > 1.

Proof 3.2. Let us comsider the infected classes y = (ISW,ASW,IC,AC, If,Af,Im,Am). By the
equations corresponding to these states, we have the linearization system at &, given by:

dlsw F1WeS, Asw T WS Asw
de = pM(1 - T[) <1HT) Ic + pM(1 - T[) (ZHT) Ac - (IJ + Y)Isw'

dAsw
Tdr = ylsw - (”- + d)Asw'
dlc T PEY A T paswa el Ac oW fAc
=pr(1—m) <1w—) Isw + pu(1 —m) (NN—) Asw + Pr < : >If + Pr <2T A= L+,
Nsw HNsw N¢ UINg
da,
— = Yle— (n+ dA,,
)iy T1WAr Wrea Ty Af W™ Af (10)
T~ Pm (W)IC+pF( N )A +pF( N )Im+pF( N )Am_ L+ VI
day

—L - Ylf (I’l + d)Afl

If Af
dlym Fi¥mAm Loy Am _
o = PF <7uNf ) It + pr (7Lle >Af (4 V),

dan,
\ar =Yln — (ll + d)Am

A the matrix associated to the linearized system (11) is given by:

~@w+y) 0 As Ay 0 0 0 0
v —w+d) 0 0 0 0 0 0
Az, Az, —(u+y) 0 Az Az 0 0
Ao 0 0 % —(u+d) 0 0 0 0
0 0 Ag 3 Asy —(u+y) 0 As 7 Asg
0 0 0 0 Y —(u+d) 0 0
0 0 0 0 Az A —(u+y) 0
0 0 0 0 0 0 Y —(u+d)
With
Ao () (WA
13 =pu(l—m) <T> 14 =pu(1—m) (T)
TPlwA, TLPlswA, rylA, LU A,
Az =(1- n)( 1SJNSW ), Az, =pu(l— n)( Zl'JNSW >; Ags = pF( 13ij >, Ase = PF( Z‘iij )
ryleA IRTATY LA LA
Ags =py(1—m) <1ulp—[\f]cf>, As, =pr(1— T[)( Z'I:Iljli]c f); As; = pp( 1:LIJI\fIm f); Asg = pp( z'ijlilm f)_
F IfA F AfA
Ay = pp< 1l|:lN >i Ass = pF( ZLI;Nf >

It is important to note that A has all off diagonal entries non-negative. This implies
that A is a Metzler matrix. The matrix A can be decomposed as follows A =F; +V;,
with:
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0 0 Ay As 0O 0 0 0
0 0 0O O O 0 0 ©
As; Az, 0 0 Ass Agg 0O 0
g0 o 0o o o o o o[
1 0 0 Ass Ass 0 0 As, Asg |
0 0 0O O O 0 0 ©0
0 0 0 0 A5 A6 0 0
o 0 o0 o0 0 0 o0 -0
and
—(u+7) 0 0 0 0 0 0 0
y —(u+d) 0 0 0 0 0 0
0 0 —(u+7y) 0 0 0 0 0
0 0 % —(u+d) 0 0 0 0 |
0 0 0 0 —(u+7) 0 0 o
0 0 0 0 Y —(u+d) 0 0 |
0 0 0 0 0 0 —(u+7) 0 /
0 0 0 0 0 0 % —(u+d)

The matrix V; is an invertible matrix and it invert V;! is given by the matrix V1.
We can also see that F; > 0 and V;! > 0 because of V;! is also a Metzer matrix.
Thus, R, = p(—F,;V;!) and from the Varga theorem [18]. the matrix A is
asymptotically stable. Therefore, disease free equilibrium ¢, is globally
asymptotically stable when R, < 0.

Lemma 3.3. The endemic equilibrium ¢ * of system (1) — (2) is globally asymptotically stable,
when Ry > 0.

Proof 3.3. For this proof, we will use the same approach developed in [13, 15, 19-22].

Let &" = (Sow, Lsw, Asw, SC, 16, A, Sp 1, Af, Sy I, Ay) - be the  endemic  equilibrium  of
systems (1) - (2). From systems (1) -(2), we have:

Asw = AswSsw + HSsw,
AswSsw = (W+ V)15,
Ylsw = (u+ d)AL,
Ac = ASS¢ + uSg,
AcS¢ =p+yI,
I = (u+ d)A:
) )l\fc = g\;{SE +)uSCE, an
AsS¢ = (n+ V)1,
vIf = (u+ d)AS,
Am = AnSt + USh,
AmS;m =W+,
Yl = (L + DAL,
Where:
LI + DUss A
Aw =pm(1 —m) X N :
C
A

I * * I x A *
l—‘1ll‘lcswlsw + lepc SWAsw + lﬂl‘l’(ﬂf + leljc fAf
Nsw Nf '

7\’E=pF[(1—ﬂ)X

Ieyx Ac px Imy* A *
LUl + LUAc | Oy I + LY Ay
Ne N

)

}\;=pM[
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Vssw =
+
VSSW
+
+

(st —
18

Lotl; + lel’
N

Am = Pr X
Let us define the function ¥ on R} by:

Yx)=x—1—-1Inkx)

(12)

The function ¥ is non-negative for all x € R}. Let us consider the Lyapunov candidate

function define by:

V=V + Ve +Ve+Vp,,

where:
Vsw = VSsw + Vlsw + VAsw’
VC = VSC + VIC + VAC’
Vf = VSf + Vlf + VAf’
Vm = Vsm + Vlm + VAm'
and

I
Vlsw = I;wlp( SW) ’

*
ISW

e ()
ol

v, = I:Hlp(ﬂ),

Ik

Let us compute Vs_,
Ssw -
= (1 — ﬂ) Sew

O

By using the first equation of (11), we have

Vssw

Sew)? | P = M Siwliw [(1 ~ S;w) <1 ~ sswlsw)]
Sew N

Ssw Sswlsw

pu(1 = Y5 SiwAdw [(1 ~ Séw) (1 ~ SSWASW>]

N¢ SswAsw

Ssw

(st -
1l

Stw)?  pu(1 — T, St (

Sewle St Ic>
Ne N,

+
Siwle  Sew | I*c

Ac o« * *
pm(1 — ML Py SswAsw (1 _ Sswhc _ Ssw AC)

_ (st B

* * + *
N¢ Sswhe  Ssw AT

Ssw)? | pm(1 = DL, Siwliw (_

SSWIC SSWIC S;W
1-1 ( ) L
N N +1-In +1+1In

Sswle Sswle

*

Ac g *
pm(1 — ML, SswAsw (_ Sswhc

N¢ Sswhc

st =T
N Ne swic W
1-77)T oy o5 S P SewA S A
+pM( ) 2N‘/’sw Ssw/\sw [l},( sy (230 (. iW)]
c

SW? iC SwW SW

C AC
pM(1 - T[)(FllIJSWI + FleszA

SswhA Ss S A A
+1—1n(%>—ﬂ+1+1n(sw>+ °—1—1n( °)
Sswhc Ssw Ssw Are Are

(SSW 'S:W)Z + Pm (1'”)F1Ws!\3vszw|:w [\P(SSWIC )_LP(SS_W)+\P(IS_W)]

A
VAsw = Azwlp( SW)'

*
ASW

Ac A*’
ae = ARW Ar
f A*

A
Va,, = A (52

A

¢ ust)]

ISW (13)
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Let us compute Vy_,

. 20 .
Vi, = (1—ﬂ)15w

ISW
<1 _ I;_W) Ssw
ISW NC

From the second equation of system (11), we get:

C AC
) (Fllljlswlc + FZlIszAc) —(u+ Y)Isw)

pM(1 B T[)qujls%vszwlé (1 _ l;w) (stlc _ ) + pM(1 B T[)FZlIJSWS;WA* ( A§w> (SSWAC _ Asw)
Iw

v * * * * *
fsw Nc Isw stlc Nc Asw stAc Asw
Ic ox * * *
— pM(1 - T[)qujswsswlc Sjwliw —1—-1In <Siwliw> l* +1+1n ( s ) _ Iswsiwlc 1+1n (Iswsjwlc)
Nc stlsw stlsw Isw Isw Iswsswlc ISWSSWIC
Ac * * * *
+ pM(1 - T[)szswsswAc SiWA:W —1—-1n <Sijfw> _ Afw +1+1In <Afw> AstiWAc 1+1 (AswsswAc
Nc stAsw stAsw Asw Asw ASWSSWAC

_ pM(l'”)rl‘//sw sw C[‘P( Sw C) (e lsw )+\Ij( lsw sw C)]

sw N
c sw c SwW swosw'c

pM (1'”)FZV/SW SSW'A‘ [\I;(SSWAC) \_I;( SW )+\P(ASWSSWAC )]
ASW ASWSSWA

NC sw/ ¢
By adding the equation (13) and (14) we obtain

(SSW SSW) pM(l ﬂ-)rll//sw SWIC [ \I;( SW )+\F( ) \I]( SW)+‘P( SW SW C)]

Vi, Vi, =

SwW NC SW C swW SWsw'c
pM(l ”)r'\z;ﬂswsswA [ ‘P( C ) (e Ac C g ( stswAc )]
C C C SW SWAC
Let us compute V,_,
Asw
Vi (1 - )A
sw Asw sw

A*

= <1 - A::) (Ylsw — (u+ d)Ag,)

*
ASWISW

(1-mr fe sr 1t (1-mr SswAe
Let Kew = Max {pM I‘Isz Sw c’pM ) I\ZIIIJSW swilc | I;w}
c

From the relation (14), (15) (16) and s, we get

- Sew-Sew)? S [ A A AL
Vi < u(sws—sw) |29 oy rw ey By Aoy Asulowy
sw sw c Ac SW swlsw

pilswhsule) g lsnPsnAs) |

SW-sw'cC ISW SWAC

n *
ASWSSWAC

)

(14)

(15)

(16)

(17)

Consequently, by using the assumption (H), we obtain Vg, < 0. We are taking the same
approach to show successively that V, <0, V;; <0 and V; < 0. Hence V < 0. Thanks to
LaSalle’s invariance principle, the solution &* is said to be globally asymptomatically

stable. This completes the proof. [
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4. Application with numerical simulations
4.1. Parameters and initial data estimation

A population of 1,000,000 people is considered. According to the gender
distribution in Burkina Faso [9], this makes 517,000 (51.7%) women and 483,000 men.
Then, the proportion of FSWs among the female adults is considered to 0.85% [11].
Then the clients are assumed to represent 5% of the adult male population [25]. The
number of infected men in both groups is calculated considering the prevalence of
0.5% [10]. The number of infected women is calculated considering the prevalence of
HIV (5.4% among FSWs [11] and 0.8% in general population [10]). Table 2 provides
the initial values for each compartment.

The natural mortality rate was estimated at u = 0.0161 per year, based on
life expectancy in Burkina Faso [9]. The other parameters were collected from
literature or, when not available, just assumed. National estimates of paid sex
between men are available from the 2010 Demographic and Health Survey [25].
However, this information does not appear in the 2021 version of the survey [26],
which justifies the use of 2010 data for this analysis. Constant recruitment rates
were arbitrarily chosen, considered at 2.94% of the population [9] at the initiation
of the simulation. Table 3 gives the summary of parameters used for simulation.

4.2. Assessment of the impact of intervention

The intervention considered is a transmission blocking action such as condom
use or pre-exposition prophylaxis. As these infections are rarely effective at 100%,
several levels of effectiveness are considered. The parameter ris used to represent
this effectiveness and five different levels are considered (Table 4).

Each scenario was simulated over 20 years and the impact of HIV prevention
in the intervention population on the control population was estimated in terms
of the annual number of incident HIV infections.

Table 2. Initial condition ranges and baseline values used in the simulation

Compartment Baseline Compartment Baseline
S:(0) 24,029 Ssw(0) 4,162
1:(0) 121 Isw(0) 238
A(0) 1 Asw(0) 1
Sm(0) 456,556 S¢(0) 508,499
In(0) 2,294 17 (0) 4,101
Am(0) 1 Ar(0) 1

Table 3. Parameter ranges and baseline values per unit year.

Parameter Min Max Baseline Source Parameter Min Max Baseline Source
A, - - 240 Assumed A - - 416 Assumed
Ay - - 4,566 Assumed Af - - 5,085 Assumed
Py 0.0008 0.0019 0.0019 [27] Pr 0.0005 0.001 0.001 [27]
u - - 0.016 9] y1 3 15 9.12 8]
I, 45 26 26 [8] I, - - 7 [8]
il 1 4 4 Assumed e 0 1 1 8]
il 0 1 1 Assumed s 0 2 2 Assumed
f sw 1 4 2 Assumed 1,0]15 0 1 1 Assumed
wéf 0 1 1 Assumed IIJ?C 0 2 1 Assumed
X4 0 4 2 [25] P 0 1 1 [25]
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Af

death -

1 1 Assumed w}qm 0 1 1 Assumed
; 0.01512 25] - ; ; . -

Table 4. Levels of effectiveness considered for the interventions.

Valuesof & Comments
0.00 No intervention at all
0.20 Intervention with low efficacy
0.50 Intervention with medium efficacy
0.80 Intervention with high efficacy
1.00 Intervention with full efficacy

4.3. Numerical results

The populations simulated are presented in Figure 2 prior to any intervention.
The red line represents the situation in absence of any intervention while the black
line represents an ideal situation where the transmission is completely stopped
between FSWs and their clients. The violet, blue and green lines will represent the
different levels of efficacy of the intervention program. In the absence of any
intervention, the high infection rate among the FSWs brings to a very fast decrease
in the population of susceptible. This population is divided into two in one year’s
time and continues at this pace exponentially. The population of clients free of
infection is also decreasing. Even though that decrease is not exponential, it is also
fast with an increasing percentage of cases yearly. The general population however
presents a linear trend.

While looking at the intervention, its effect on the target population is clearly
observed. The number of people in the susceptible compartment is increasing as the
intervention is effective. In the case of the ideal intervention with 100% efficacy,
infections and transmissions are completely blocked between FSWs and their clients.
Then, the susceptible cases in this population are no longer reducing but it is even
increasing due to the natural population growth.
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Figure 2. Evolution of the number of individuals free of infection by category for the different
levels of intervention.

The effectiveness of the intervention can be clearly observed in Figure 3,
presenting the evolution of the people in the infectious class. In absence of
intervention, the epidemic curve of the FSWs presents the classical shape where a
high increase is observed, until a peak and then a slow decrease occurs due to the
drastic reduction of the susceptible population. This leads to the extinction of the
population if nothing is done. Then, high impacts are observed among the FSWs
when we consider the graphic. The more efficient the intervention is, the lower the
curve is. Finally, looking at the fully efficient curve, the infectious population just
reduces to disappearing when the infectious cases before the intervention will all
move to AIDS state. The effect of the intervention is also observed among clients
as the FSWs are considered their principal infecting agents. Once again, the
intervention will reduce the growth speed and when it is fully efficient, it can even
lead to a reduction in the number of infectious diseases.

The principal aspect which is generally hard to observe is the effect of the
intervention in the general population. Observing Figure 3, the epidemic curves are
superimposed, showing a non-observable effect. However, the curves present a
clearly decreasing trend showing that the infection is well controlled in this general
population.
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Figure 3. Evolution of the number of cases in infectious state by category for the different level of
intervention

Figure 4 presents the difference in the number of infected persons between
intervention scenarios and no intervention at all. This provides a clear idea on the
number of infections avoided every year. At this moment, it is possible to observe
the effect of the intervention in the general population. For example, for the
simulation performed, after 10 years, in the female population, the equivalent of
0.7 cases are saved for the low impact simulation. More than 3 infections are saved
for the high impact intervention and for the full efficient program. In the full impact
intervention, 35 infections are avoided after 20 years. The impact of the
intervention is on the other hand very low in among general men population. This
is understandable as the men do not have direct interaction with the intervention
target group as the women have interaction with clients.

5. Conclusion

This study presented a compartmental model of HIV transmission between high-
risk populations (FSWs and clients) and low-risk populations (men and women in the
general population). It considered prevention action among the high-risk population.
The model was calibrated according to epidemiological and demographic parameters
reflecting the context of Burkina Faso and only sexual HIV transmission was
considered. The mathematical analysis of the model was carried out before
proceeding with the numerical simulation. This involved checking the basic
properties of the model, namely the positivity of solutions, boundedness, and
calculating the basic reproduction number (R,) associated with the model. Using
Varga’s theorem, it was shown that the disease-free equilibrium &0 was globally
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asymptotically stable when R, < 1. The Lyapunov function technique was used
to obtain the global stability of the endemic equilibrium £*, when R, > 1. Finally,
to simulate the impact of HIV prevention among FSWs and their clients on HIV
transmission in the general population, different simulation scenarios were tested
by varying the efficacy of the intervention. The results of the model suggest that
these parameters play a major role in reducing the number of people infected with
HIV in both sub-populations. The evolution of the infection in all sub populations,
compared with a status quo situation where no intervention is performed can be
observed. Then, the impact of the intervention can be estimated as risk ratio or
incidence rate ratio.

Intervention = 020%: Low Efficacy 050%: Medium Efficacy =mm 080%: High Efficacy === 100%: Full Efficacy
Female Sex Workers Clients
9
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Figure 4. Evolution of the number of infections prevented by the intervention by category for the
different level of intervention.

This work should not be considered as an actual estimation of a given intervention
targeting FSWs in Burkina Faso. The intervention proposed here is totally hypothetical
and arbitrary values were taken for the efficiency level. Additionally, the input
parameters are still questionable, and one could prefer another source. This is to
be considered as proof of concept. In fact, it is possible, with applied mathematical
tools, to go beyond the estimation of the direct effect of an intervention and find
the long-term effect, concerning everyone. This kind of estimation will bring more
arguments to promote HIV control programs on key populations. These persons are
often discriminated against or even condemned by society. It is therefore often
difficult to justify the collective efforts needed to reduce infection at their level.
However, by applying the approach developed here, it is possible to see the effect
of these efforts on any member of society. In other words, we demonstrate that it
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is in every individual’s interest to protect key populations from transmission. This
approach can be generalized to any context, any country, provided the basic data
are availables. Above all, it can be extended to other key populations (MSM,
transgender people, prisoners, etc.), provided that the disease transmission pattern
is redefined.

However, it is important to stress that the model presented in this work is a
highly simplified caricature of a complex interaction between at-risk populations
and therefore has certain obvious limitations. For example, the model does not
take into account the abandonment of risky behaviours by FSWs and their clients.
In another hand, no prevention action is considered for general population. The
experimental data needed to verify the model is also scarce, particularly data on
FSW clients. There are several ways of getting around these limitations. First, it is
necessary to link the model to the data for a clearer estimation of the parameter values,
a Bayesian approach for example. Nevertheless, despite the limitations highlighted,
the results of the model have a significant impact on the dynamics of HIV in at-
risk populations.
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