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Abstract: The convection-diffusion equation is of primary importance in understanding transport
phenomena within a physical system. However, the currently available methods for solving un-
steady convection-diffusion problems are generally not able to offer excellent accuracy in both time
and space variables. A procedure was given in detail to solve the one-dimensional unsteady con-
vection-diffusion equation through a combination of Runge-Kutta methods and compact difference
schemes. The combination method has fourth-order accuracy in both time and space variables. Nu-
merical experiments were conducted and the results were compared with those obtained by the
Crank-Nicolson method in order to check the accuracy of the combination method. The analysis
results indicated that the combination method is numerically stable at low wave numbers and small
CFL numbers. The combination method has higher accuracy than the Crank-Nicolson method.

Keywords: Runge-Kutta methods; Compact finite difference schemes; Convection-diffusion equa-
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1. Introduction

The convection-diffusion equation is a combination of the diffusion convection and
diffusion equations, and describes physical phenomena where particles, energy, or other
physical quantities are transferred inside a physical system due to convection and diffu-
sion processes [1, 2]. This equation is of primary importance in understanding transport
phenomena within a physical system [3, 4].

For a transport variable u, the one-dimensional unsteady advection-diffusion equa-
tion is usually written as

ou(x,t) ‘e ou(x,t) _ " ou(x,1)
OX OX?

~(x1e(0,L)=(0,T) 1)

with the initial condition
U(%,0) = 4(x) °

and the boundary conditions

ou(x.t) , c au(x,t) _ . d%u(x,t)

ot OX ot (xeO,L)=0T)

() e@L)*OT) 4
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in which c is an arbitrary constant indicating the intensity of the convection, the diffusion
coefficient a is positive constant, and go and g1 are assumed in this study to be smooth
functions.

A variety of finite difference schemes have been presented to solve unsteady convec-
tion-diffusion problems approximately [5]. These schemes usually have first-order or sec-
ond-order accurate in space variables, but have fallen short of expectations for convection-
dominated flows if the mesh is not sufficiently refined [5]. Discretization with a higher
order in space variables is usually associated with large stencils, thereby increasing the
band-width of the resulting matrix [5, 6]. A class of compact finite difference approxima-
tions have been recently developed to solve convection-diffusion problems [7-9]. These
compact finite difference schemes have fourth-order accuracy in space variables, but fail
when accuracy in time variables is most needed [10, 11]. Additionally, most of these
schemes have to compute the inverse of the block matrix [10, 11]. It is therefore entirely
necessary to develop an effective numerical scheme in order to obtain satisfactory results
with a higher order accuracy in time variables and reasonable computational cost.

The primary focus of this study is on developing an effective method to achieve
higher accuracy in time variables by a combination of Runge-Kutta methods and high-
order compact finite difference discretization schemes. This combination method is then
used to solve the one-dimensional unsteady convection-diffusion equation and has
fourth-order accuracy in both time and space variables. The Runge-Kutta methods are
introduced briefly in Section 2. A fourth-order compact finite difference approximation
scheme is presented in Section 3 for the unsteady convection-diffusion equation. A stabil-
ity analysis is performed on the fully discretized equation in Section 4 to check the stability
of the combination method. Some numerical examples are presented in Section 5 and con-
cluding remarks are finally given in Section 6.

2. Runge-Kutta methods

In numerical analysis, Runge-Kutta methods are a family of implicit and explicit it-
erative methods [12]. When Runge-Kutta methods are used to solve the convection-diffu-
sion equation, time is treated as an independent variable in an ordinary differential equa-
tion, for example,

Q.

ot R(t,Q)I

)
in which Q is an unknown function of time, and R denotes the numerical approximation

to the spatial derivatives. The Runge-Kutta method used in this study is given in the fol-
lowing form

Q™ =Q" +AR(Q", At) )

in which At is the time increment. The increment function R(Qn ,At) is subdivided into
n+l

N steps on the interval t" <t <t

Ql = Qn + At(alan)’ (6)

QZ = Qn +At(a21Rn +a22Rl)l (7)
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Q3 = Qn +At(a31Rn + a32R1 +a33R2)’ (8)

QM = Q" + At(a,R" +a,R" +++ + a R™) ©)
in which the superscript n, 1, 2, ..., and n + 1 denote the time steps on the time interval
t" <t <t, <---<t, <t"™, and aj is the weighting factor for the step i and term j.

A four-step algorithm is given by

Ql - Qn +§ Rn
4 (10)
2 n At 1
= +—R
Q° =0Q 3" -
At
Q=Q+R
2 (12)

Q™ =Q"+AWR® (13)

This algorithm is convenient to program and no intermediate solution needs to be
stored [13].

3. A fourth-order compact finite difference scheme

The differential equation considered here takes the form

o’u(x) _ou(x) _
o o T ey

(14)

with the boundary conditions
u=g, uL)=g, 5
A compact difference scheme with fourth-order accuracy can be obtained for Equa-
tion (14) as follows [14]: the interval 0 < x <1 is subdivided into n equal subintervals by

. 1
the grid points X; = ih, in which h = —. The mesh function u(ih) is written as ui at grid
point xi. The second-order central difference schemes for second and first derivatives of u
Ui,y - 2U; + U, U, - U,
(U 5 1) and O U= M, respectively. The fol-
h

2h?
lowing relation can be derived for Equation (14) at point x::

can be written as 5)(2 u=

2 —
ad U, -Co U, -7, = fi’ (16)
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in which

2
Ti:h_( du o, d_U}O(h)
12 dx* dx® ' 17)

The fourth and third derivatives of u in the above equation should be approximated
in order to obtain a compact difference scheme with fourth-order accuracy.
Equation (14) gives:

3
du :l(df_'_ dU]| (5f+052u)+o(h)

— -
dx dx  dx? 18)
From Equation (14) and Equation (18), it follows that
4 2 3
du JLpdt, dul i lss St + 52u)+0(h )
dx dx dx a a’ (19)

By substituting Equations (18) and (19) for the corresponding terms used in Equation
(17), the solution is given by

2
= %(55 f-26 1 -C—5X2uij+0(h4)
1 @ o . (20)

A fourth-order compact finite difference scheme for Equation (14) can be obtained by
substituting Equation (20) in Equation (16). This gives

21,2 2
a+Ch 5X2ui-c§f =f +h—(5ffi-£5xfij+0(h4)
12 12 o

(21)
Here, two difference operators are defined as follows:
2 22
c ch
L, =14-(62-—5,) A =-(a+ )5 +cd)
12 a 12c
y (22)
Equation (21) can be formulated symbolically as
-1 — 4
Lx A(ui - fi + O(h ) . (23)

The above compact finite difference scheme is combined with the Runge-Kutta
method described earlier to solve the one-dimensional advection-diffusion equation.

4. Stability analysis
A von Neumann linear stability analysis is performed to check the stability of the
combination method. Let U = b"e™™ to be the value of U’ atxi,inwhich | = ﬁ , b

is the amplitude at time level n, and k is the wave number. The amplification factor is
defined as
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b" . (24)

The amplification factor of Equation (13) discretized by the Runge-Kutta method can
be obtained as follows [13]:

g:1+z+122+123+iz4
2 6 24 (25)

The variable Z represents the spatial discretization applied to the convection-diffu-
sion terms. The explicit, discretized form is given by

Z= [(24pie+ 2F - Pe] (1-cosk)-12IF sin k}/(10+ 2cosk - IPesink)

(26)
in which F is the CFL number and is defined as
CAt
F=—
h, (27)
In Equation (26), Pe is the Péclet number and is defined as
ch
Pe=—
a (28)

When the Péclet number is high, the convection term dominates [15, 16]. When the
Péclet number is low the diffusion term dominates [15, 16].
The amplification factor, as defined above, is rather complex. For stability, the ampli-

fication factor has to satisfy the relation |g | <1.When |g | >1, the combination method

for solving the advection-diffusion equation is numerically unstable. Contours of the ab-
solute value of the amplification factor are plotted in the k-F plane in Figures 1-4, respec-
tively, with various Péclet numbers such as 1, 10, 100, and 1000. The results indicate that
the combination method for solving the advection-diffusion equation is numerically sta-
ble at low wave numbers and small CFL numbers.
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Figure 1. Contours of the absolute value of the amplification factor in the k-F plane with a Péclet
number of 1.
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Figure 2. Contours of the absolute value of the amplification factor in the k-F plane with a Péclet
number of 10.
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Figure 3. Contours of the absolute value of the amplification factor in the k-F plane with a Péclet
number of 100.
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Figure 4. Contours of the absolute value of the amplification factor in the k-F plane with a Péclet
number of 1000.

5. Numerical experiments

In numerical analysis, the Crank-Nicolson method is a finite difference method used
for numerically solving the heat equation and similar partial differential equations [17,
18]. Some numerical results are presented in examples 5.1-5.3 to compare the present
method, denoted by P.M, with the Crank-Nicolson method, denoted by C-N.M. It is as-
sumed that all exact solutions of the convection-diffusion equations given below are
known.

Example 5.1. Given a convection-diffusion equation
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ou ou o’u
Z+01=-=0017
ot OX X , (X!t) € (0!1) X(O,T) , (29)
the exact solution of the above equation is given by
— A5%-(0.25+0.017%)t ;
u(x,t)=e sinzx (30)

The initial and boundary conditions are defined so that the results are agreed well
with the exact solution of the problem. The accuracy of the present method is compared
with that of the Crank-Nicolson method. The results are presented in Table 1 for various
values of t. Table 1 gives the absolute error along the x direction of the domain, where h
is 0.005 and At is 0.001.

Table 1. The absolute error for various values of t, where h is 0.005 and At is 0.001.

t x=0.1 x=0.3 x=0.5 x=0.7 x=0.9
P.M CN.M P.M CN.M P.M CN.M P.M CN.M P.M CN.M
0.2 6.579E- 1.897E- 1.623E- 3.636E- 2.108E- 1.409E- 2.725E- 2.066E- 5.991E- 1.645E-
010 005 009 005 009 005 009 004 008 003
0.4 1.134E- 3.239E- 3.028E- 6.781E- 3.932E- 2.630E- 5.146E- 3.854E- 2.455E- 1.645E-
009 005 009 005 009 005 009 004 007 003
0.6 1.474E- 4.170E- 4.232E- 9.472E- 5.501E- 3.679E- 8.038E- 5.380E- 5.145E- 2.105E-
009 005 009 005 009 005 009 004 007 003
0.8 1.720E- 4.820E- 5.248E- 1.173E- 6.838E- 4.576E- 1.294E- 6.654E- 8.263E- 2.418E-
009 005 009 004 009 005 008 004 007 003
1 1.896E- 5.268E- 6.088E- 1.357E- 7.951E- 5.335E- 2.11E- 7.685E- 1.158E- 2.628E-
009 005 009 004 009 005 008 004 006 003

Example 5.2. Given a convection-diffusion equation

ou ou o%u
—+022—=05—
ot OX ox? , (X!t) < (0’1) X(O!T) , (31)
the exact solution is given by
U(X,t) — e0.22x—(0.0242+0.57r )t Sin X . (32)

The initial and boundary conditions of the problem are defined so that the results are

agreed well with the exact solution of the problem. The accuracy of the present method is
compared with that of the Crank-Nicolson method. The results are presented in Table 2
for various values of t. Table 2 gives the absolute error along the x direction of the domain,
where £ is 0.01 and At is 0.5k2.
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Table 2. The absolute error for various values of ¢, where 4 is 0.01 and At is 0.5h%
t x=0.1 x=0.3 x=0.5 x=0.7 x=0.9
P.M CN.M P.M CN.M P.M CN.M P.M CN.M P.M CN.M
0.2 1.551E- 9.770E-  6.236E-  2.674E-  1.655E-  3.456E-  3.943E- 2921E-  8450E- 1.162E-
009 006 009 005 008 005 008 005 008 005
04 6331E- 7250E- 2185E-  1.984E-  4491E- 2563E- 7.997E- 2.167E- 1.306E-  8.636E-
009 006 008 005 008 005 008 005 007 006
0.6 1.052E-  4.034E- 3.432E- 1.104E- 6.418E-  1426E- 1.025E- 1.205E- 1.507E-  4.807E-
008 006 008 005 008 005 007 005 007 006
0.8 1.299E-  1.995E-  4.146E-  5.460E-  7.459E-  7.054E- 1.136E- 5963E- 1.593E-  2.378E-
008 006 008 006 008 006 007 006 007 006
1 1425E-  9.253E-  4.504E-  2.531E-  7.965E-  3.270E- 1.18E- 2.765E-  1.629E-  1.102E-
008 007 008 006 008 006 007 006 007 006
Example 5.3. Given a convection-diffusion equation
ou ou o’u
Z+01-=02"=
ot ox ox* (x1)e(0)x0T) (33)
the exact solution is given by
— 0.25x-(0.0125+0.027%)t o3
u(x,t)=e sinzx (34)
The initial and boundary conditions are defined so that the results are agreed well
with the exact solution of the problem. The accuracy of the present method is compared
with that of the Crank-Nicolson method. The results are presented in Table 3 for various
values of t. Table 3 gives the absolute error along the x direction of the domain, where &
is 0.01 and At is k2.
Table 3. The absolute error for various values of t, where h is 0.01 and At is h2.
t x=0.1 x=0.3 x=0.5 x=0.7 x=0.9
P.M CN.M P.M CN.M P.M CN.M P.M CN.M P.M CN.M
02 3.677E-  7.143E-  1.143E- 1970E- 2.687E-  2.565E-  9.496E-  2183E-  3.559E-  8.703E-
010 006 009 005 009 005 009 005 008 006
0.4 9.510E- 9.617E-  3.896E-  2.650E-  1.115E-  3.447E- 2988E- 2933E- 7.205E- 1.173E-
010 006 009 005 008 005 008 005 008 005
0.6 2363E- 9.702E-  9.198E-  2.672E-  2.285E-  3.475E-  5.017E-  2956E-  9.962E-  1.184E-
009 006 009 005 008 005 008 005 008 005
0.8 4.306E-  8.698E-  1.565E-  2.395E-  3.480E-  3.114E- 6.758E- 2.649E- 1.197E-  1.062E-
009 006 008 005 008 005 008 005 007 005
1  6.350E-  7.309E-  2.205E-  2.012E-  4.558E-  2.616E-  8.167E-  2.225E-  1.342E-  8.925E-
009 006 008 005 008 005 008 005 007 006

The comparison results presented in Tables 1-3 indicate that the present method has
higher accuracy than the Crank-Nicolson method.
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6. Conclusions

The primary focus of this study is on developing an effective method to solve the
one-dimensional unsteady convection-diffusion equation by a combination of Runge-
Kutta methods and high-order compact finite difference discretization schemes. A high-
order compact finite difference scheme is used to approximate the spatial derivatives, and
Runge-Kutta methods are used to approximate the time derivative. This combination
method has fourth-order accuracy in both time and space variables. The numerical results
obtained by the combination method have been found to be in good agreement with the
exact solutions. Additionally, the combination method has higher accuracy than the
Crank-Nicolson method. The combination method has superiority over most of the other
high-order compact finite difference schemes in terms of computational cost, and is highly
efficient as there is no need to compute the inverse of the block matrix.
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