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Abstract: A three-level laser with an open cavity and a two-mode vacuum reservoir is explored for
its quantum properties. Our investigation begins with a normalized order of the noise operators
associated with the vacuum reservoir. The master equation and linear operators' equations of
motion are used to determine the equations of evolution of the atomic operators' expectation values.
The equation of motion answers are then used to calculate the mean photon number, photon
number variance, and quadrature variance for single-mode cavity light and two—-mode cavity light.
As aresult, for y=0, the quadrature variance of light mode a is greater than the mean photon number
for two-mode cavity light. As a result, for the two-mode cavity light, the maximum quadrature
squeezing is 43.42 percent.
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1. Introduction

A quantum optical system in which light is created by three-level atoms inside a cav-
ity coupled to a vacuum reservoir is known as a three-level laser. A source of coherent or
chaotic light emitted by an atom inside a cavity coupled to a vacuum reservoir is known
as a three-level atom [1]. A three-level atom's top, intermediate, and bottom levels are
designated by |a),, |b),, and |c),, respectively. Due to stimulated or spontaneous emis-
sion, a three-level atom in the top level may decay to level |b) and eventually to level |c).

The purpose of this paper is to investigate the squeezing and statistical properties of
light produced by a coherently driven three-level atom in an open cavity connected to a
two-mode vacuum reservoir through a single-port mirror. We also determined equations
of evolution of the atomic operators' expectation values using the master equation and
large-time approximation. The mean photon number, photon number variance, and
quadrature variances of single-mode cavity light beams were calculated using the derived
solutions. We calculated the mean photon number, photon number variance, and quad-
rature squeezing of the two-mode cavity light using the same approaches. We perform
our calculations by conventionally grouping the noise operators connected with the vac-
uum reservoir [1, 2].

2. Dynamics of Linear Operators

As shown in the Figure 1, the atoms' top, intermediate, and bottom levels are indi-
cated by |a),, |b),, and |c),, respectively. When an atom transitions from level a to level
b and from level b to level ¢, two photons with the same or different frequencies are emit-
ted, with direct transitions between levels a and c being completely prohibited. When an
atom transitions from the top to the intermediate level, light mode a is emitted, whereas
light mode b is emitted when the atom transitions from the intermediate to the bottom
level [3, 4].
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Figure 1. The model

The Hamiltonian describes how coherent light couples the top and bottom levels of
a three-level atom [5, 6],

H-—[al -3, (1)
where

8. = |c)al, 2)
is a lowering operator and

Q= 2eA 3)

Here, 1 is the coupling constant between the driving coherent light and a three-level
atom, and ¢ is the amplitude of the driving coherent light, which is considered to be real
and constant. The interaction of light modes a and b with the atom at resonance is repre-
sented by the Hamiltonian [2, 7, 8]

H, = ig(cle — a6, + 6{b — b15y), (4)
where
G, = |bXal, ()
and
G, = lc)(b], (6)

are lowering atomic operators, g is the coupling constant between the atom and cavity
mode aor b, and a and b are the annihilation operators for light modes a and b. Thus,
the total Hamiltonian is given by

=261 -5) +ig(cla—a's, + +6{b - b'5,). (7)

The master equation for a three-level atom interacting with a two-mode vacuum res-
ervoir has the form [5]

dp 5 A Y (aa an ~Afa A anta Y (a An ~fa A PUR PN
pre —i[H,p] + 2 (ZGapcl —6l6.p — pclca) +3 (Zobpcyg - ogcbp - pogcb), (8)

where vy is the spontaneous emission decay constant. Hence with the aid of equation (2)
the master equation can be put in the form
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+2(8%p — 8cp — pBT + p5c) + 2 (26598 — s — piln) + £ (261561 — flap — pa). )

When the noise operators associated with the vacuum reservoir are set in normal
order and the noise forces have no effect on the dynamics of the cavity mode operators,
the equations of motion for the operators a and b assume the form [1, 8, 9]

§=-Ea—qam, (10)
and

db K Lo

+=—,b—i[bH]. (11)

Here, x, is the cavity damping constant and considered to be the same for cavity
modes a and b. Then in view of equation (7), equations of motion for the operators 4 and
b turn out to be

da ~ o~

d—tz—ga—goa, (12)
and

db ~ ~

=30 (13)

Upon adding equations (12) and (13), we get

dc ~ ~ ~

&= —,¢— 8.+, (14)
where,

¢=a+b (15)

is the annihilation operator for the superposition of light modes a and b. By employing
the relation [8, 10]

<& =r (LA), (16)
we btain
P . T . .
(ca) gTr[ pfi,a — pafi, + pbTo ] + = Tr( b) + = Tr( p6,) + = Tr( p6.)
PSR B
= g[(ﬂaa) — (flafia) + (b Gc)] + E(Gb) — ¥(Ga)- a7
With the same procedure one can obtain the following

2@y) = gl(ich) — (Ayb) — (a75.)] — 3 (51) — L (B, (18)

(Be) = g[(Bva) — (B.5)] — 5 [(Ac) — (Aa)] — L (Be), (19)
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= (fa) = gl@1a) + al6a)] + S [6c) + (BD] — v, (20)
= (fiv) = g[(61a) + (616y) — (61a) — (478} + YI(Ra) — ()], (21)
2 (fic) = —g[(BTD) + (618y)] — 2[(Bc) + D] + V{fv), (22)
where
fla = la)al, (23)
i = Ib)(bl, (24)
fie = le)cl. (25)

Equations (17)-(22) are nonlinear differential equations. Now, by applying the large-
time approximation [11], the solutions of equations (12) and (13) becomes

a=—23, (26)
and
h=—25,. 27)

At steady state, these would obviously be exact relationships. When equations. (26),
(27), and their adjoints are introduced, one gets

d  ~ 28 /A A~ 28 jn ~ 28 At~ Q ~
2(Ba) = [ E(MpBa) + Z(7a8) — E(5]60)| + 3 (BT) — v(B.). (28)

Considering equations (2), (5), (6) and their adjoints, one obtains

(ib8a) = (Ib)blb)al) = ([b)al) = (5,), (29)
(flaBa) = 0, (30)
(818c) = (Ib)(clc)al) = ([b)al) = (3,). (31)

Substitution of equations (29)-(31) into (28) gives
(B2 = —(y + V(@) + 5 (B]). (32)

Similarly, the equations of evolution of the atomic operators' expectation values take
the form

(@) = =3 (v + ¥ (Gw) — 5 (D), (33)
2B = =3 (Y + ¥ B + S [ — A, (34)

) = —(v + vIe) + 5[ + @D (35)
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2 (fib) = —(v + Yo Ap) + (v + Y Ra), (36)
S(fd) = (v + ¥ v — 5 [(@D + (60)]. (37)

With
ve =15 (38)

is the stimulated emission decay constant. The completeness relation has the form [12]
fla +1ip +1ic = I (39)
Then, we see that [13, 14]
(fla) + (fip) + (fic) = 1, (40)

where (fj,) is the probability to find the atom in the top level, {fj,) is the probability to
find the atom in intermediate level, and (fj.) is the probability to find the atom in the
bottom level. The steady state solutions of equations (32)-(37) are found to be

6.)=—2 (gt

(@) = 28 (41)

A9

(©v) = — =2~ (1), 42)

Ay Qe

(6o = =2 ((ie) = (), (43)

~ o\ Q ~t ~

(fla) = 700 (61) + (60)), (44)

(fip) = (Ra)- (45)
Furthermore, with the aid of equation. (40), one readily obtains

(M) =1 —(fa) — (Ap)- (46)
In view of equations (45), equation (46) has the form

ey =1 —2(fa). (47)
Now, on account of equation (47), equation (43) can be expressed as

SO N PRy

(6 = =211 - 3(6)] (49)

With the aid of equation (48), one can observe that

(61) = (60). (49)
Also, from equations (41), (42), and (43), one can readily obtains

(64) = (6p) = 0. (50)

P

(fla) = —2= (G (51)
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By substituting equation (48) into (51) yields

Ay 0?
(fla) = yry02+302" (52)
Moreover, on account of equation (45), one can obtain
A\ 0?
(fip) = 7024302 (53)
Now, by Substituting (52) in (47), we have
Ay 9%+(y+yo)?
(nc) - (Y+YC)2+3QZ. (54)
Finally, on account of equation (52), equation (48) takes the form
~\ __ Qy+ye)
(Gc) = Giverrane (55)
3. Photon Statistics
The mean photon number for the cavity light modes a and b is given by [15]
i, = (a*a) = (@a’) = (). (56)
On account of equations (26) and (52), equation (56) can be written as
—_ﬁk_ﬁ_% 57
a = grrozesazl (57)
For non-spontaneous case (y = 0), the mean photon number of light mode a has the
form
_ Ye 02
. =3¢ (7am) (58)
In addition, for £ > y,, equation (58) becomes
g = ;’_; (59)
The mean photon number of light mode b is determined using the same procedure
as
A = (BTh) = Xe(fy, ) = Ye[ 2
iy = (67B) = () = X [ (60)

For non-spontaneous case, equation (60) takes the form

i, =L (S2 ). (61)

k \yZ+302

In addition, for Q > vy, equation (61) reduces to
n, =L (62)

TS
The mean photon number for light modes a and b is the same in both spontaneous
and non-spontaneous scenarios, as shown above. The mean photon number for two-mode

cavity light can then be expressed as follows
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i, = (&te). (63)

The mean photon number has the form when using the steady state solution of equa-
tion (14) and its adjoint

fic = 2 ((fla) + (A))- (64)
Substituting equations (57) and (58) in (64) for the steady state solution of (14) yields

= _ Y 202

e = K ((y+yc)2+3nz)' (65)

Now, the mean photon number in the non-spontaneous scenario is in the form

ne =2 (22, (66)

k \y2+302

For Q » vy, equation (66) reduces to

e = 2 (67)

3K’
Furthermore, the variance of the photon number is expressible as [3, 5]
(An)? = (n?) — (0)*. (68)

On account of equation (56), the variance of the photon number for light mode a is
described as

(An,)? = (aTa)(aa’) + (at?)(a?). (69)

Upon use of equations (26) and (50), one obtains
(8) = —%(,) = 0. (70)
Moreover,

(a2) = (- 23,)) = (5. (71)

K

In view of equation (5), one readily obtains
(@%) = X((Ib)ah?) = 0. (72)

Equations (69), and (71) are used to calculate the variance of the photon number for
light mode a as

(4ny)? = (ata)aa). (73)

On account of equations (52), (53), and (56), equation (73) becomes

(@anp)? = (1) [ ] (74)

K ((y+vc)2+302)?

Furthermore, for non-spontaneous case, the photon number variance has the form

(an)? = (%)’ [(“”T)] (75)

For Q> vy,
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(An,)? = Q_K)Z (76)

With the same procedure one can obtain the variance of the photon number for light
mode b as

2 _ Q4 +0%(y+yo)?
(Any)* = ( K ) ((v+vc)2+392)2] @7)

For non-spontaneous case, equation (75) takes the form

(any)? = (%) [ZnE) 78)

(yc+39.2)

For Q » vy, equation (75) reduces to
2
(Anp)? = (¥ = (any)? = 7% = i, (79)

which represents the normally-ordered variance of the photon number for the chaotic
light. Furthermore, equation (79) indicates that (4n,)? > fi, and (4n,)* > 7, and hence
the photon statistics of each light-mode is super-poissonian.

With the same approach one can readily obtain the variance of the photon number
for superposed light modes a and b as

2 4 2 2
2 _ (Yc\ [49%+39%(y+yo)
(Ane)® = (K) ((v+yc)2+392)2]' (80)

For non-spontaneous case, equation (80) has the form

2 _ yc 40%4+302y2
(Anc) (v2 +3QZ) (81)

Additionally, Q > y., equation (81) reduces to
2 _ (2Yc\" = =2
(an)? = (22) = 2, (82)

which represents the normally-ordered variance of the photon number for chaotic light.
Furthermore, inspection of equation (82) indicates that (An.)? > iz and hence the pho-
ton statistics of the two-mode light is super-poissionian.

4. Quadrature Squeezing and The mean Photon number

The squeezing properties of light mode a are described by the two quadrature oper-
ators [16-18]

a,=a"+a, (83)
and
a_=i@t-a. (84)
In view of equations (83) and (84), the commutation relation becomes
[a_,a,] = 20" (A — ). (85)

The uncertainty relation for the two Hermitian operators 4 and B satisfies the com-
mutation relation i€, which is described as [5]
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AAAB =2 [(C)]. (86)
Upon use of equation (86), one can readily obtains
Aa,Aa_ > [([a,a,)| = a*a) - (aa)l. (87)

On account of equation (57) along with (75), one obtains
Aa,Aa_ = 0. (88)
Next the variance of the plus and minus quadrature operators becomes [17]
(Aa,)? = (a%) — (4.)%, (89)
and
(Aa_)? = (a%) — (a_)*. (90)

In consideration of equation (84), equation (87) can be expressed in terms of the rais-
ing and lowering operators as

(May)?® = (aa') + (ata) + (3)* + (aT)* F (a%) F (a™?) F 2(a)(at). (91)
In view of equations (70) and (72), equation (91) reduces to
(Aay)? = (ata) + (aa'). (92)

Now, by using equations (56) and (64), one obtains

(Aa3)? = L [(Ra) + (Ap)]- (93)
On substituting equations (52) and (53), the quadrature variance for the light mode a
becomes
2 _ Yc 202
(Aa,)” = K [(yc+y)2+3ﬂz]' 4)

For non-spontaneous case (y = 0), the quadrature variance has the form

2

2 _ Y o
(Aay)* = K [(yc)2+39.2]' (95)
In addition, for 2 > y,, equation (94) reduces to
2 - He
(Ray)? =2 (96)

In view of equation (63), the quadrature variance of light mode a can be written in
terms of the mean photon number as

(Aay)? = 27, 97)

which is the normally-ordered quadrature variance for chaotic light. In the absence and
presence of spontaneous emission the mean photon number of the two-mode light is the
same as with the quadrature variance of light mode a. This can be written as

fi. = (day)>. (98)

In the same procedure the quadrature variance of light mode b can be obtained as
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2 _ Ye [20%+(vetn)®
(Ab4)" = (ye+y)2+302] (99)

For y = 0, equation (99) reduces to

C QZ C2
v,y - 2] 0
And for Q > y., Hence, equation (100) merely becomes
(Ab,)? =2, (101)

Thus, the quadrature variance of light mode b is written in terms of the mean photon
number as

(Aabi)z = Zﬁ,b, (102)

which is the normally-ordered quadrature variance for chaotic light. The squeezing prop-
erties of the two-mode cavity light can be described as

&, =¢t+¢ (103)
and

¢ =ikt -29. (104)
where,

¢=a+b. (105)

With the aid of equations (103) and (104), the commutation relation is found to be
[e-,2,] = 2i% (Ao — fic). (106)

The quadrature operators’ uncertainty relation for two-mode cavity light is ex-
pressed as [10, 11]

AcAc_ = Z|([e_, 8] (107)

Now, in view of equation (106), one can re-write equation (107) as
Ac,dc. = E[(R,) = (A, (108)

By employing equations (53) and (54), equation (108) can be written as

(Yet+v)?

Yc
Ac,Ac_ = « {yerpzeanz! (109)
In the absence of spontaneous emission (y = 0), it becomes
ve|_vE
Ac,Ac_ = " W . (110)
In the absence of deriving coherent light (2 = 0)
AciAc_ 2 X, (111)

which is the uncertainty relation for vacuum state. The variance of the plus and minus
quadrature operators of the two-mode cavity light are defined as [19]
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(Acy)? = (e3) — (c_)?, (112)
and
(Ac_)? = (e2) — (c_)>. (113)

On account of equations (105), (112) and (113), the plus and minus quadrature vari-
ance for the creation and annihilation operators can be written as

(Acy)? = (€eT) + (272) & (€)% £ (€7)? F (22) F (272) F 2(e)(e). (114)
Now, using the steady state solution of equation (14) along with (50), one can get
(¢)=0. (115)
In view of equation (115), the quadrature variance becomes
(Acy)? = (eet) + (618) + ()2 £ (&12. (116)
Thus, with the aid of equation (68) along with (111), equation (116) becomes
(Acs)? =2 [() + 2(fp) £ (Ac) £ (6.) + (6], (117)

By substituting equations (64)-(57) in (117), one obtains

2 _Ye 4ﬂz+(yc+y)212!2(yc+y)]
(Acy)® = K [ (Ve+y)2+302 ' (118)

In the absence of spontaneous emission (y = 0), equation (118) turns to

_ Ye [40%+yEt20v,

(Acy)? = —] (119)

K y2+302

Besides, for 2 > y,, equation (119) will have the form
2 = M
(Acy)? = P (120)

In view of equation (71), equation (120) can be expressed as
(Acy)? = 27, (121)

where this represents the normally-ordered quadrature variance for chaotic light. For
Q = 0, equations (69), (110), and (119) become

fi. =0, (122)
AciAc_ =5, (123)
(Acy)? =&, (124)

The mean photon number and quadrature variance of a two-mode vacuum condition
are represented by equations (122), (123), and (124).

The quadrature squeezing of two-mode cavity light in relation to the quadrature var-
iance of the two-mode cavity vacuum state can be determined using the formula [20]

_ (Ac)i-(Ac)?

S (ac)3

(125)

Equations (109) and (120) are used to obtain
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_ 402+(vc+v)2—20(vc+v)] _ 20(yc+y)-02
5=1 [ (vct+v)2+302 T (yetv)2+30? (126)
For y = 0, the above expression reduces to
=2 ® 2’ g =2 (127)
T y24302 T 3n2+1 with = Yo

5. Physical Analysis

o
N

Plots mean photon number (As shown in the Figure 2 below)
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Figure 2. Plots of eqgs (57), (58) versus Q for y=0.5, k=0.8, =0 (red curve) and y=0.1 (blue curve).
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Plots of the variance of the photon number for light mode a (As shown in
the Figure 3 below)
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Figure 3. Plots of Egs. (74) And (75) versus Q) for v=0.5, k=0.8, y=0 (red curve) and y=0.1 (blue

curve).
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Quadrature variance of the two-mode light
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Figure 4.
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3.  Plots of the variance of the photon number for light mode b (As shown in
the Figure 4 below)

Q

Plots of Egs. (77) And (78) versus Q for y=0.5, «=0.8, y=0 (red curve) and y=0.1 (blue

4.  Plots of quadrature variance of two modes light (As shown in the Figure 5
below)
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Figure 5.
color).

Q

Plots of Egs. (118) and (119) versus Q for y=0.5, y=0 & k=0.8 (red color) and y=0.1 (blue
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5.  Plots of quadrature squeezing (As shown in the Figure 6 below)

0.45 T T T T T T T

04

0.35

03

0.25

0.2

o} . . L . . L .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Q

Figure 6. Plots of Eq. (125) and (126) versus Q for y=0.5, y=0 (red color) and y=0.1 (blue color).

According to Figs. 1 and 2, light mode a's mean photon number and photon number
variance are higher than those for y = 0. The plots, however, overlap at that moment 2 =
0.55 in Figure 3. This demonstrates that when the variation of the light's photon number
is greater for y = 0 mode b than for y = 0.1, and vice versa.

The plot from Fig.4 clearly demonstrates that the quadrature variance of the two-
mode light is less in the absence of spontaneous emission when 2 <0.24 and is antici-
pated to be bigger in the absence of spontaneous emission when 2 > 0.24 for the quadra-
ture variance of two light modes. Finally, we discovered from Figure 5 that the maximum
quadrature squeezing for both light modes is 43.42 percent and that the plots intersect at
the spot.

6. Conclusion

A coherently driven three-level atom with an open cavity coupled to a two-mode
vacuum reservoir by a single port mirror has its quantum features thoroughly examined.
The master equation was used to find the steady-state solutions of the equations of motion
for linear operators and the equation of evolution of the expectation values of atomic op-
erators with stable solutions. Using steady state solutions of the equations of motion for
linear operators and equations of evolution of the expectation values, we estimated the
mean photon number, the photon number variance, and the quadrature variance for sin-
gle-mode cavity light beams as well as two-mode light beams. We also calculated quad-
rature squeezing for the two mode-lights. The mean photon number, the variance of the
photon number for light mode a, the variance of the photon number for the two-mode
cavity light, and the quadrature variance of light mode a for v = 0 is greater than for y =
0.1. From the plots of variance of the photon number of light mode b cross each other at
the point (2=0.55. This shows that when €<0.55 the variance of the photon number for y=0
is greater than for y=0.1 and vice versa. From the calculation the quadrature variance of
light mode b for y=0 is less than for y=0.1. The quadrature variance of the two-mode cavity
light is less in the absence of spontaneous emission when 1<0.24 and grater in the absence
of luminescence when 2>0.24. The plots of quadrature squeezing cross each other at the
point O=0.24. When Q<0.24, the quadrature squeezing for y=0 is greater than that for y=0.1
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and vice versa. Finally, it was found that the maximum quadrature squeezing of the two-
mode cavity light is 43.42% for both y=0 and y=0.1 below the vacuum-state level.

Funding: This research received no external funding.
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